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Abstract 

Within the framework of complex supergeometry and motivated by two-dimen- 
sional genus-zero holomorphic N = 1 superconformal field theory, we define the 
moduli space of = 1 genus-zero super-Riemann surfaces with oriented and or- 
dered half-infinite tubes, modulo superconformal equivalence. We define a sewing 
operation on this moduli space which gives rise to the sewing equation and normal- 
ization and boundary conditions. To solve this equation, we develop a formal theory 
of infinitesimal A'^ = 1 superconformal transformations based on a representation of 
the N = 1 Neveu-Schwarz algebra in terms of superderivations. We solve a formal 
version of the sewing equation by proving an identity for certain exponentials of 
superderivations involving infinitely many formal variables. We use these formal 
results to give a reformulation of the moduli space, a more detailed description of 
the sewing operation, and an explicit formula for obtaining a canonical supersphere 
with tubes from the sewing together of two canonical superspheres with tubes. We 
give some specific examples of sewings, two of which give geometric analogues of 
associativity for an = 1 Neveu-Schwarz vertex operator superalgebra. We study 
a certain linear functional in the supermeromorphic tangent space at the identity 
of the moduli space of superspheres with 1-1-1 tubes (one outgoing tube and one 
incoming tube) which is associated to the = 1 Neveu-Schwarz element in an 
N = 1 Neveu-Schwarz vertex operator superalgebra. We prove the analyticity and 
convergence of the infinite series arising from the sewing operation. Finally, wc de- 
fine a bracket on the supermeromorphic tangent space at the identity of the moduli 
space of superspheres with 1-1-1 tubes and show that this gives a representation of 
the N = 1 Neveu-Schwarz algebra with central charge zero. 
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CHAPTER 1 



Introduction 



In this monograph, we give a detailed study of the geometry underlying two- 
dimensional genus-zero holomorphic = 1 superconformal field theory. Conformal 
field theory (or more specifically, string theory) and related theories (cf. |BPZ| . 
|FS| . |V] . and |S]) are the most promising attempts at developing a physical the- 
ory that combines all fundamental particle interactions, including gravity. The 
geometry of conformal field theory extends the use of Feynman diagrams, describ- 
ing the interactions of point particles whose propagation in time sweeps out a line 
in space-time, to one-dimensional "particles" (strings) whose propagation in time 
sweeps out a two-dimensional surface. For two-dimensional genus-zero holomorphic 
conformal field theory, these surfaces are genus-zero Riemann surfaces with incom- 
ing and outgoing half-infinite tubes, and algebraically, the corresponding string 
interactions can be described by products of vertex operators or, more precisely, by 
means of vertex operator algebras (cf. |Boj . |FLM| ). In |H2j . Huang studies the 
moduli space of genus-zero Riemann surfaces with tubes and provides a rigorous 
correspondence between the geometric and algebraic aspects of two-dimensional 
genus-zero holomorphic conformal field theory. 

In Fd , Friedan describes the extension of the physical model of conformal field 
theory to that of = 1 superconformal field theory and the notion of a superstring 
whose propagation in time sweeps out a supersurface. Whereas conformal field 
theory attempts to describe the interactions of bosons, superconformal field theory 
attempts to describe the interactions of bosons paired with A^ fermions, for A^ = 
1, 2, .... Thus A^ = 1 superconformal field theory describes the interactions of boson- 
fermion pairs, N = 2 superconformal field theory describes the interactions of 
boson-fermion-fermion triplets, and so on. In this work, we will consider A^ = 1 
superconformal field theory. This theory requires an operator D such that = 
Such an operator arises naturally in A^ = 1 complex supergeometry. This 
is the geometry of manifolds over a complex Grassmann algebra (i.e., complex 
supermanifolds) where there is one "even" dimension corresponding to the one 
boson and one "odd" dimension corresponding to the A^ = 1 fermion in the boson- 
fermion pairs. 

Thus the geometric setting for genus-zero holomorphic A^ = 1 superconformal 
field theory is the moduli space of A^ = 1 genus-zero super-Riemann surfaces with 
oriented and ordered half-infinite tubes (which are superconformally equivalent to 
A" = 1 superspheres with oriented and ordered punctures, and local superconformal 
coordinates vanishing at the punctures), modulo superconformal equivalence. In 
this paper, following [V], |H2| and |Fd| . we give a rigorous and detailed study 
of this moduli space. We define a sewing operation on this moduli space which gives 
rise to the sewing equation and normalization and boundary conditions. Physically, 
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one can view each equivalence class of superspheres in the moduli space as repre- 
senting some superstring interaction and the sewing operation as corresponding to 
taking the resulting superstring output of a given interaction as one of the inputs 
of another superstring interaction and determining the resulting total interaction. 
To determine this resulting total interaction, one must solve the sewing equation. 
To solve this equation, we develop a formal theory of infinitesimal N = 1 super- 
conformal transformations based on a representation of the = 1 Neveu-Schwarz 
algebra in terms of superderivations. We solve a formal version of the sewing equa- 
tion and normalization and boundary conditions by proving an identity for certain 
exponentials of superderivations involving infinitely many formal variables. We use 
these formal results to give a reformulation of the moduli space and a more detailed 
description of the sewing operation. This includes an explicit formula for obtain- 
ing a canonical supersphere with tubes from the sewing together of two canonical 
superspheres with tubes which we obtain from our formal results by interpreting 
the formal solution to the sewing equation in terms of the analytic and geometric 
structure of the moduli space and proving the necessary convergence conditions for 
this formal solution. 

Although this monograph is self-contained as a study of the geometry underly- 
ing two-dimensional genus-zero holomorphic = 1 superconformal field theory, we 
next mention an important application of these results to the algebraic aspects of 
this theory and the correspondence between the algebraic and geometric aspects. 

In |B3| . we extended the notion of vertex operator superalgebra (cf. |T], [G] . 
|FFRj ■ |DLj . and |KWj ) to be defined over a Grassmann algebra instead of just 
C and to include odd formal variables instead of just even formal variables by 
introducing the notion of iV = 1 Neveu-Schwarz vertex operator superalgebra over a 
Grassmann algebra and with odd formal variables. We also proved that the category 
of TV = 1 Neveu-Schwarz vertex operator superalgebras over a Grassmann algebra 
and with odd formal variables is isomorphic to the category of A'^ = 1 Neveu-Schwarz 
vertex operator superalgebras over a Grassmann algebra and without odd formal 
variables. However, in a vertex operator superalgebra with odd formal variables, 
the fact that the endomorphism G(— 1/2) plays the role of the superconformal 
operator D = + 0-^ (as defined in Chapter 2 below) is made explicit, and the 
correspondence with the supergeometry is more natural. 

Most of the results contained in this paper and in ^B3j were first proved in jBlj 
and a research announcement of these results appeared in jB2| . The main result 
of 'Bl' is the introduction of the notion of A'^ = 1 supergeometric vertex operator 
superalgebra over a Grassmann algebra and the following isomorphism theorem: 

The Isomorphism Theorem: Projectively, the category of A^ = 1 Neveu- 
Schwarz vertex operator superalgebras over a Grassmann algebra with (or without) 
odd formal variables and with central charge c € C is isomorphic to the category 
of N — 1 supergeometric vertex operator superalgebras over a Grassmann algebra 
and with central charge c e C. 

This isomorphism theorem provides a rigorous foundation for the correspon- 
dence between the algebraic and geometric aspects of two-dimensional genus-zero 
holomorphic A^ = 1 superconformal field theory. The results contained in this pa- 
per give the geometric development necessary to establish this correspondence, in 
particular, allowing one to introduce the notion of A^ = 1 supergeometric vertex 
operator superalgebra, to prove the isomorphism theorem, and to construct the 
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isomorphism explicitly. In addition, in this monograph, we establish certain iden- 
tities for representations of the = 1 Neveu-schwarz algebra which arise from the 
geometry but pertain to the general algebraic setting. 

The moduli space of iV = 1 superspheres with tubes and the sewing operation 
is an example of what is known mathematically as a "partial operad" . The notion 
of operad was introduced by May [M|, and in |HL2j . |HL3 it was shown that the 
moduli space of spheres with tubes together with the sewing operation defined in 
|H1) is a partial operad. Analogously, the moduli space of = 1 superspheres 
with tubes, together with the sewing operation and action of the symmetric groups 
defined and studied in this paper, is also a partial operad. The isomorphism theorem 
can be reformulated as stating that projectively the category of = 1 Neveu- 
Schwarz vertex operator superalgebras with central charge c £ C is isomorphic 
to the category of supermeromorphic graded algebras with central charge c G C 
over this = 1 supersphere with tubes partial operad (cf. jH2p . In this sense, 
one can think of the isomorphism theorem as associating an n-ary product on an 
infinite-dimensional graded vector space V for every equivalence class of A^ = 1 
superspheres with one outgoing tube and n £ N incoming tubes in this partial 
operad, and showing that with a couple of additional axioms, these n-ary products 
define an A^ = 1 Neveu-Schwarz vertex operator superalgebra structure on V. 

The results in this paper are an extension of Huang's |H1) . |H2| work on the 
geometry underlying genus-zero holomorphic conformal field theory. In particular, 
this paper contains the extension of Chapters 1-4 in |H2| to the A^ = 1 super case. 
Throughout this paper, one may consider the nonsuper case by setting all odd 
variables, all "soul" Grassmann terms (see Section 2.1 for the definitions), and all 
odd superalgebra elements equal to zero. In other words, this work subsumes the 
analogous nonsuper case studied in [HI] and [Hll. In [EMS . Beilinson, Manin 
and Schechtman study some aspects of A^ = 1 superconformal symmetry, i.e., the 
A^ = 1 Neveu-Schwarz algebra, from the viewpoint of algebraic geometry. In this 
work our approach is decidedly differential geometric. 

The rigorous foundation for the correspondence between the algebraic and geo- 
metric aspects of two-dimensional genus-zero holomorphic conformal and A^ = 1 
superconformal field theory developed in |H1) . |H2| . and |B1| has proved useful in 
furthering both the algebraic and geometric aspects of conformal and superconfor- 
mal field theory. On the one hand, it is much easier to rigorously construct confor- 
mal field theories and study many of their properties using the algebraic formula- 
tion of vertex operator (super) algebra (or equivalcntly, chiral algebra) (e.g., |Wi| . 
[EFT] . fZa . FLM , KT , FZ , FFR , DL , JT , DMZ , Wa , Z hl], [Zh2]) . 
In addition, algebraic settings such as orbifold conformal field theory jDHVWT] . 
|DHVW2] . |FLMj and coset models |GKOj allow one to construct new confor- 
mal field theories from existing ones. On the other hand, the geometry of (su- 
per)conformal field theory can give insight and provide tools useful for studying 
the algebraic aspects of the theory, for example: giving rise to general results in 
Lie theory BHL ; giving the necessary foundation for developing a theory of ten- 
sor products for vertex operator algebras |HL1| . jHL4| - |HL7| . |H3| : giving rise 
to constructions in orbifold conformal field theory |BDM| . |H4| : and providing a 
setting for establishing change of variables formulas and other general identities for 
vertex operator (super) algebras (cf., |H2) . |B1| . and Sections 3.6 and 3.7 below). 
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Furthermore, the geometric formulation is indispensable for understanding both 
the geometric and algebraic aspects of higher genus theory. 

This paper is organized as follows. In Chapter 2, within the framework of 
complex supergeometry (cf. (jDj, (Bel) . Jl.o2 and |CRj ) and motivated by two- 
dimensional genus-zero holomorphic A'^ = 1 superconformal field theory, we define 
the moduli space of iV = 1 genus-zero super-Riemann surfaces with oriented and 
ordered punctures, and local superconformal coordinates vanishing at the punc- 
tures, modulo superconformal equivalence. We define a sewing operation on this 
moduli space by taking two superspheres, cutting out closed discs in the DeWitt 
topology around a puncture in each supersphere and appropriately identifying De- 
Witt neighborhoods of the boundaries. This then results in a new supersphere with 
punctures and local superconformal coordinates vanishing at the punctures and is 
well defined on superconformal equivalence classes. This sewing operation on the 
moduli space gives rise to the sewing equation and the normalization and boundary 
conditions. 

In Chapter 3, we develop a formal theory of infinitesimal iV = 1 superconformal 
transformations based on a representation of the = 1 Neveu-Schwarz algebra in 
terms of superderivations. We show that any local superconformal coordinate can 
be expressed in terms of exponentials of these superderivations. We then study the 
sewing equation from a purely algebraic viewpoint using this new characterization of 
local superconformal coordinates and give a formal solution to the sewing equation 
satisfying the normalization and boundary conditions by proving an identity for 
certain exponentials of superderivations involving infinitely many formal variables. 
We formulate some additional algebraic identities which arise from certain sewings; 
prove analogues to the sewing identities for a general representation of the iV = 1 
Neveu-Schwarz algebra, and show that the infinite series occurring in these identities 
have certain nice properties when the representation is a positive-energy module, 
for instance, an iV = 1 Neveu-Schwarz vertex operator superalgebra B3^. 

In Chapter 4, we give a reformulation of the moduli space of iV = 1 superspheres 
with tubes using the results of Chapters 2 and 3 and give a detailed analytic study of 
the sewing operation in terms of exponentials of representatives of Neveu-Schwarz 
algebra elements as formulated algebraically in Chapter 3. We define an action of 
the symmetric groups on the moduli space. This action is needed to establish the 
fact that the moduli space of superspheres with tubes and the sewing operation is a 
partial operad. We define supermeromorphic superfunctions and supermeromorphic 
tangent spaces for the moduli space. These supermeromorphic superfunctions on 
the moduli space include as examples correlation functions for vertex operators 
in the algebraic theory of A'^ = 1 Neveu-Schwarz vertex operator superalgebras 
with odd formal variables (see |B1| . |B3| ). We study the group-like structures 
of the moduli space of superspheres with 1 -f 1 tubes (i.e., with one incoming 
tube and one outgoing tube), and give some specific examples of sewing, two of 
which give geometric analogues of associativity for an iV = 1 Neveu-Schwarz vertex 
operator superalgebra (see ^Bl , B3 ). We study a certain linear functional in the 
supermeromorphic tangent space at the identity of the moduli space of superspheres 
with 1 + 1 tubes which is associated to the iV = 1 Neveu-Schwarz element in an 
= 1 Neveu-Schwarz vertex operator superalgebra. We then give an explicit 
formula for obtaining a canonical supersphere with tubes from the sewing together 
of two canonical superspheres with tubes using the results of Chapters 2 and 3. We 
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prove the analyticity and convergence of certain series resulting from sewing which 
were obtained algebraically in Chapter 3. 

Finally, in Chapter 4 we show that there is a representation of the = 1 
Neveu-Schwarz algebra with central charge zero on a subspace of the supermero- 
niorphic tangent space of the moduli space of superspheres with 1 + 1 tubes at 
the identity. Thus, projectively, one can think of this moduli space as the partial 
monoid associated to the iV = 1 Neveu-Schwarz Lie superalgebra in analogy to the 
super Lie group associated to a finite-dimensional Lie superalgebra, (cf. [Rolp . 

We have written this paper in such a way as to parallel the work of Huang |H1| , 
|H2| in order to accentuate the similarities and differences between the super and 
nonsuper cases. The results in this monograph which require significant work or 
new methods in extending the analogous results of HI , H2 include: Proposition 
12.151 ProDOsition l3.5l Theorem l3.26l ProDOsition l3.30l ProDOsition l3.31l Proposition 
14.111 Proposition l4.19l and Proposition l4.21l In this monograph, we correct several 
misprints which appeared in |B1| . |B2| . jHl| . and |H2j, and present a new proof 
of Proposition 14 . 1 9l which we believe to be more concise and more indicative of the 
role of the super structure in the analyticity and convergence of the infinite series 
arising from the sewing operation. 

We would like to thank James Lepowsky and Yi-Zhi Huang for their advice, 
support and expert comments during the writing of the dissertation from which 
this paper is derived, and their advice on the presentation of this paper. 

Notational conventions 

C: the complex numbers. 

F: a field of characteristic zero. 

N: the nonnegative integers. 

Q: the rationals. 

M: the real numbers. 

M+: the positive real numbers. 

Z: the integers. 

Z-)_: the positive integers. 

Z2: the integers modulo 2. 



CHAPTER 2 



An introduction to the moduli space of = 1 
superspheres with tubes and the sewing operation 

In this chapter we introduce the moduH space of iV = 1 superspheres with 
tubes and the sewing operation. We begin in Section 2.1 with some background 
material on superalgebras, Grassmann algebras and superanalytic superfunctions 
(cf. |D], [EcT] , [Ko2] . ISS)- In Section 2.2, we give the definition of iV = 1 
superconformal superfunction and make note of the power series expansions of 
such functions vanishing at zero or infinity. In Section 2.3, we give the definitions 
of supermanifold and iV = 1 super-Riemann surface and state the uniformization 
theorem for N — 1 super-Riemann surfaces from CR . 

In Section 2.4, we study = 1 superspheres with ordered and oriented tubes, 
showing that these are superconformally equivalent to superspheres with ordered 
and oriented punctures and local superconformal coordinates vanishing at the punc- 
tures, and we define a sewing operation on this space. 

In Section 2.5, we define the moduli space of superspheres with tubes and intro- 
duce canonical superspheres with tubes. We then show that any supersphere with 
tubes is superconformally equivalent to a canonical supersphere with tubes and that 
two different canonical superspheres with tubes are not superconformally equiva- 
lent. This shows that there is a bijection between the set of canonical superspheres 
with tubes and the moduli space of superspheres with tubes. 

Finally, in Section 2.6, we define the sewing operation on the moduli space of 
superspheres with tubes by showing how to obtain a canonical supersphere from 
the sewing together of two canonical superspheres. This gives rise to the sewing 
equation and normalization and boundary conditions on the uniformizing function 
mapping the two sewn canonical superspheres to the new canonical supersphere. 
Solving this sewing equation along with the normalization and boundary conditions 
will be the main objectives in Chapters 3 and 4. 



2.1. Grassmann algebras and superanalytic superfunctions 

Let F be a field of characteristic zero. For a Z2-graded vector space X = 
X^(BX^ , define the sign function rj on the homogeneous subspaces of X by rj{x) = i, 
for X € X^ and i = 0,1. If ri{x) ~ 0, we say that x is even, and if ri{x) = 1, we 
say that x is odd. Note that G X is both even and odd, i.e., the sign function 
is double valued for x = 0. However, in practice this is never a problem, e.g., in 
property (ii) below. 

A superalgebra is an (associative) algebra A (with identity I £ A), such that 

(i) A is a Z2-graded algebra 

(ii) ab = (-l)''(")''('')6a for a, b homo geneous in A. (supercommutativity) 
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We will often write a given element u G A in terms of its vector space grading, 
i.e., if u = u° + for £ A^, we write u — S A^. Algebraic 

operations will still, of course, be considered to take place in the algebra A, and we 
will merely use the vector space decomposition in order to emphasize the Z2-grading 
of a given element. Note that when working over a field of characteristic zero or of 
characteristic greater than two, property (ii), supercommutativity, implies that the 
square of any odd element is zero. 

A Z2-graded vector space g = fl" is said to be a Lie superalgehra if it has 
a bilinear operation [•, •] on g such that for u, v homogeneous in g 

(i) [U, v] £ Qiviu)+viv))mod 2 

(ii) [u, w] = — (— l)'''")'''^'"' [u. It] (skew-symmetry) 

(iii) (-l)''(")''('")[[u,w],'u;] + (-1)''(^)''(")[[i;,w],m] (Jacobi identity) 

+ (-l)'7('")'7(")[[w,u],i;] = 0. 

Remark 2.1. Given a Lie superalgebra g and a superalgebra A, the space 
{A^ ® g°) © {A^ (^9^) is a Lie algebra with bracket given by 

(2.1) [au, bv] = (-l)''('')''(")a5[u, v] 

for a^b £ A and u,v £ q homogeneous (with obvious notation), where in H2.1|l we 
have suppressed the tensor product symbol. Note that the bracket on the left-hand 
side of H2.1|l is a Lie algebra bracket, and the bracket on the right-hand side is a Lie 
superalgebra bracket. We will call (A° g°) © {A^ (g) g^) the A-envelope of 2- Of 
course, given two superalgebras A and A, we can form the A-envelope of A given 
by (^° (g) A°) © {A-^ ^A^) which is naturally an algebra. In fact, since A^Ais itself 
a superalgebra, we see that the A-envelope of A is equal to the even homogeneous 
subspace of A(g> A, i.e., {A (g) A)". 

For any Z2-graded associative algebra A and for u,v £ A of homogeneous sign, 
we can define [u,v] = uv — {—l)'^^'^')^^'"'>vu, making A into a Lie superalgebra. The 
algebra of endomorphisms of A, denoted End A, has a natural Z2-grading induced 
from that oi A, and defining [X, Y] = XY~ {~1)^(xMy)yx for X, Y homogeneous 
in End A, this gives End A a Lie superalgebra structure. An element D £ (End Ay, 
for i e Z2, is called a superderivation of sign i (denoted ri{D) = i) ii D satisfies the 
super-Leibniz rule 

(2.2) D{uv) = {Du)v + (-l)''(^)''(")uD?; 

for u,v £ A homogeneous. 

Remark 2.2. The above definitions of superalgebra and Lie superalgebra are 
the standard definitions used. However, we would like to point out that in analogy 
to associative algebra, commutative algebra, and Lie algebra, a more appropriate 
definition would have been to define a superalgebra to be a Z2-graded associative al- 
gebra, a supercommutative superalgehra to be what we called a superalgebra above, 
and retain our definition of Lie superalgebra. Using the criterion that the "su- 
per" version of a structure should be one which introduces a minus sign when two 
odd elements are exchanged, a Z2-graded associative algebra vacuously satisfies the 
criterion for being called a superalgebra. The zero-graded subalgebra of such an 
algebra is an associative algebra, and the zero-graded subalgebra of a supercom- 
mutative superalgebra is a commutative algebra. In addition, the introduction of 
a bracket operation on a Z2-graded associative algebra called a superalgebra (and 
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thus with the understanding that a minus sign be introduced when two odd ele- 
ments are exchanged) would then naturally define a Lie superalgebra in analogy 
to a Lie algebra arising from an associative algebra. However, to avoid confusion 
with the literature, we have used the terminology "superalgebra" in the customary 
way above to denote a "supercommutative superalgebra" and will continue to do 
so throughout the remainder of this work. 

Let T(V) be the tensor algebra over the vector space V, and let J7 be the ideal 
of T{V) generated by the elements v w + w v for v,w G V. Then the exterior 
algebra generated by V is given by /\{V) = T{V)/J', and /\{V) has the structure 
of a superalgebra. For L g N, fix Vl to be an i-dimcnsional vector space over C 
with fixed basis {(^1,(2, ■ ■ ■ such that Vl C Vl+i- We denote /\{Vl) by /\^ 
and call this the Grassmann algebra on L generators. In other words, from now 
on we will consider the Grassmann algebras to have a fixed sequence of generators. 
Note that /\]^ C Al+1' ^"^"^ taking the direct limit as L ^ 00, we have the infinite 
Grassmann algebra denoted by Aoo • Then Ai, and Aoo ^■'^s the associative algebras 
over C with generators Q, for i = 1, 2, L and i = 1,2,..., respectively, and with 
relations: 



Note that dime Al = 2^, and if L = 0, then Ao = We use the notation A* to 

denote a Grassmann algebra, finite or infinite. The reason we take A* to be over 
C is that we will mainly be interested in complex supergeometry and transition 
functions which are superanalytic as described below. However, formally, we could 
just as well have taken C to be any field of characteristic zero, and in fact, in Chapter 
3 we will consider formal superanalytic functions over a general superalgebra. 



Il = {(«) = («l>«2,---,«2n) I n <«2 < ••• <«2n, «i e {1,2, neN}, 

Jl = {(i) = (il, j2, . . • , j2n+l) I jl < j2 < • • • < j2n+l, jl & {1,2, ...,L}, U € N}, 

and Kl = II^ Jl- Let 

^00 = {{i) = {ii,i2,- ■ ■ ,i2n) \ h < 12 < ■ ■■ < i2n, il &'^+, n gN}, 

Joo = {(i) = (ii,i2, • • • ,i2n+i) I il < i2 < • • • < i2n+i, jl e z+, n e N}, 

and = /oo U Joo • We use /* , J* , and to denote II or loo , Jl or Joo , and Kl 
or i^oo, respectively. Note that (i) ~ {ii, Z2n) for n = is in /», and we denote 
this element by (0). The Z2-grading of A* is given explicitly by 




Let 



A* = {« e A J o = X] «wCiiCi2 • • • Ci2„, e c, n € n| 



(i)e/. 




Note that = for all a e Ai- 

We can also decompose A* into body, (A*)s = {o(0) e C}, and soul 
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subspaces such that /\^ = (A*)s © {A*)s- For a e /\^, we write a — ub + as for 
its body and soul decomposition. Note that for all a G /\^, we have a^^^ = 0. 
However, no such general nilpotency condition holds for the soul of a G Aoc 
there exist a G /\^ such that ^ for all n G N. 

Let U he a subset of /\^, and write U — U'^ (B for the decomposition of U 
into even and odd subspaces. Let z be an even variable in i.e., an indeterminate 
element of U'^, and let 9 be an odd variable in U^, i.e., an indeterminate element 
of U^. Here we would like to stress that in this context "variable" does not mean 
formal variable. We will call a map 

{z,e) ^ H{z,e) 

a A^-superf unction in (1,1) -variables on U. Any such supcrfunction H(z,6) can 
be decomposed as 

(2.3) H{z,9) = [ ^ H^^){z,e)Q,C^.■■■C^.^, ^ ^0) 0. ' ' ' 0: 

where each H(j^-^{z^ 9) : U — > C is a complex function on U in terms of the Z(i)'s 
and 6'(j)'s, for (A:) G iC*, (i) G /*, and [j) G J*. We will often use the notation 
H{z,9) = {z,9) for the decomposition in (|2.3|) and will call z (resp., 9) an even 
(resp., odd) superfunction on U. We will also occasionally use the notation H{z, 9) = 
{H'^{z,9), H^{z,9)) for the decomposition of H into even and odd superfunctions. 
The set of A*-superfunctions in (l,l)-variables on a fixed set J7 is a superalgebra in 
the obvious way. We call the complex valued function Hb{z, 9) = i/(0) (z, 9) defined 
on U the body of H and Hsiz, 9) = H{z, 9) - Hb{z, 9) the soul of H. Note that if 
H{z,9) is a A*-supcrfunction in (l,l)-variablcs on U, then Hb{z,9) and Hs{z,9) 
are also A*-superfunctions in (l,l)-variables on U. 

This notion of superfunction in (1, l)-variables can be extended in the obvious 
way to the notion of a A*"Superfunction in (m, n)-variables, i.e., in m G N even 
variables and n G N odd variables. 

Remark 2.3. The second "1" in the expression "(1, l)-variables" refers to the 
number of odd variables and is exactly the number "TV — 1" in the expression 
"N — 1 superconformal field theory" . We also remark that we are following the 
conventions in the literature (cf. |Fdj . |Bc2| ) in calling an even variable z and an 
odd variable 9. We caution that this may lead the reader to think of z as being 
merely a complex variable. This is far from the case since in fact z G A*- Recall 
that we use the notation zb or Z(0) to denote the complex portion of the variable 
z, but z itself represents either a complex 2^^^-tuple if A* = Al; or an infinite 
number of complex variables, Z(^i), for (i) G /oo, if A* ~ Aoo- wishes to 

restrict to the nonsuper case, one should think of setting all odd variables equal 
to zero and the soul portion of all even variables equal to zero, thus leaving the 
"body" portion of the theory giving the nonsuper case. 

In developing a notion of superanalyticity, we would like to say that a A*" 
superfunction H is "superanalytic" in an open set U C /\^ in an appropriately 
defined topology on A* if the appropriately defined partial derivatives -^H and 
S-H exist and are well defined on U. For A^ = A^ the conditions needed on H 
for these partials to exist in a subset of Aoo which is open in an appropriately defined 
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topology are very straightforward. However, for a /\^-superfunction, there can be 
unwanted cancellation for the odd variables. For example, ii 9 E /\\ is an odd 
variable, and a = ■ ■ • Cl € /\^ is a fixed supernumber, then the superfunction 
6a is identically zero, and thus the partial with respect to 9 of this superfunction 
on the one hand should be a, and on the otherhand should be zero. This illustrates 
the fact that for -^gH to be well defined for H a /\^-superfunction, some conditions 
on H must be imposed. One of these conditions is that the Grassmann algebra 
/\^ be large enough and the coefficients of the supervariables in H restricted to a 
suitable subspace so that this unwanted cancellation does not occur (cf. |Bcl| . 
|Ro2| . |CR| . |B1| ). In fact, one needs the underlying Grassmann algebra to be 
generated by a vector space of dimension equal to or greater than the number of 
odd variables so that one can restrict the coefficients of the power series expansion 
of a /\^-superfunction so as to not contain one of the underlying basis elements 
i = 1, ...L, for each of the odd variables. That is, if the number of odd variables 
is iV S N and well-defined partial derivatives as well as multiple partial derivatives 
with respect to these odd variables are desired, then the underlying Grassmann 
algebra must be defined over a vector space of dimension L where L is greater than 
or equal to N and the coefficients in the power series expansion of the superfunction 
must be restricted to a subspace isomorphic to Al-at- 

Since the motivation for this work is A'^ = 1 superconformal field theory in 
which the fields are A'^ = 1 superanalytic superfunctions and the symmetries of the 
theory are = 1 superconformal transformations, one might expect that we need 
only require L > 1. However, in this paper, we will be interested in having well- 
defined partials for an infinite number of odd variables. This is because the moduli 
space of (1, l)-dimensional superspheres with tubes has an infinite number of odd 
coordinates (see Remark |2 .1411 . In Chapter 4, we will consider the supermeromor- 
phic tangent space of this moduli space and partials with respect to the moduli 
space coordinates. In order to differentiate with respect to all these variables with 
abandon, we must work over an infinite Grassmann algebra, (although in practice, 
we never take more than two partials in a row). Thus starting in Section 2.5, for 
simplicity, we will begin working over Aoo' ^^'^ until then, we continue to use a 
finite or infinite Grassmann algebra A* noting the restrictions as needed. 

Before defining superanalyticity, we define what it means for a complex analytic 
function to be defined for an even element of A*- Let zb be a complex variable 
and h{zB) a complex analytic function in some open set Ub C C. For z a variable 
in A°, we define 



i.e., h(z) is the Taylor expansion about the body of z ^ zb + zs- Then h{z) is 
well defined (i.e., convergent) in the open neighborhood {z — zb + zs (z A* I G 
Ub} C a"- This is because for n e N, has terms involving at least 2n of the 
C,i^s. Thus any Q-^ ■ ■ ■ Chm coefficient in 1)2. 4|l will be a finite sum. Since h{z) is 
algebraic in each for (i) e , it follows that h{z) is complex analytic in each 
of the complex variables . 

For n G N, we introduce the notation A*>n denote a finite Grassmann alge- 
bra Al with L > n or an infinite Grassmann algebra. We will use the corresponding 
index notations for the corresponding indexing sets /*>„, J*>n and K^yn- 



(2.4) 
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Definition 2.4. A superanalytic /\^yQ-superfunction in (1, l)-variables if is a 
/\^^Q-superfunction in (1, l)-variables of the form 



Y ^(i)(^)0i02 ■ • ■02„+i + ^ XI 5wWC»iC<2 ■ • •C<„ 1 

(i)e./.-i (^)e-f.-i / 

where f(^i-^{zB), 9{i}{zB), ^{j){zB)i and '(l:^j){zB) are ah complex analytic in some 
non-empty open subset Ub Q C 

The restriction ofthe coefficients of the /(i)(z)'s, g(i)(z)'s, ^(j)(2;)'s, and V'Q) (2:)'s 
to A*-i ^ A*>o ^® ^'^^^ partial with respect to 6 oi H (as defined below) 
is well defined. Actually, we could restrict the coefficients to be in any Grass- 
mann subalgebra of A*>o on * — f generators, but for simplicity we will follow the 
convention of restricting to A*_i (cf. Ro2 ). If A*>o = Aoc then A*_„ = Aoo- 

Note that if each /(^^(zb), g(i){zB), ^(j){zB), and ip(^j-){zB) is complex analytic 
in C/s C C, then g(^i){z), and ■00) (2:) are all well defined in {z = 

zb + zs G A*>o I zb e Ub}- Thus H{z,9) is well defined (i.e., convergent) for 
{iz,9) £ A*>o I ZB e Ub} ^Ub y< (A*>o)s = U. Consider the topology on A*>o 
given by the product of the usual topology on (A*>o) s = C and the trivial topology 
on (A*>o)s'- This topology on A*>o called the DeWitt topology. The natural 
domain of any superanalytic A*>o"^^P^''^'-^'^*^t^'^'^ open set in the DeWitt 

topology on A*>o- 

We define the (left) partial derivatives ^ and ^ acting on superfunctions 
which are superanalytic in some DeWitt open neighborhood U of (z, 9) £ A*>o 

Az(-^H{z,9)) +0{{Azf) = H{z + Az,9)-H{z,9) 



z 



A9(^^H{z,9)^ = H{z,9 + A9)-H{z,9) 

for aU Az e A*>o ^ AI>o ^^^^ ^^^^ z + Az e U° ^ Ub ^ (A*>o)s 

9 + A9 E = Ai>o- example )B1| for a proof and discussion of the fact 

that these partials are in fact well defined. Note that and ^ are endomorphisms 
of the superalgebra of superanalytic (1, l)-superfunctions, and in fact, are even and 
odd superderivations, respectively. 

Let (A*)^ denote the set of invertible elements in A*- Then 

(AJ" ={«eAJaB^0} 



since 



ciB + as ag 



is well defined if and only if as 7^ 0. In light of this fact, note that the DeWitt 
topology on A* is non-Hausdorff. Two points a, 6 g A* can be separated by disjoint 
open sets in the DeWitt topology if and only if ob 7^ 6b, i.e., if and only if their 
difference is an invertible element of A*- other words, the DeWitt topology fails 
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to be Hausdorff exactly to the extent that the nonzero elements of /\^ fail in general 
to be invertible. 

If h{zB) is complex analytic in an open neighborhood of the complex plane, 
then h{zB) has a Laurent series expansion in zb, given by h{zB) = X^^gzQ^B' for 
c; e C, and we have 

neN new /ez ^ ' 

(2.5) = Y^ciizB + zsY ^Y.'^i^^ 

where {zb + zsY, for I G Z, is always understood to mean expansion in positive 
powers of the second variable, in this case zs- Thus if iJ is a /\^>Q-superfunction 
in (1, l)-variables which is superanalytic in a (DeWitt) open neighborhood, H can 
be expanded as 



(2.6) 



H{z,9) = [Vaiz^ ^eY^mz^Y^miz' ^d^^hiz' 



for aiM e A!-i and ^i^'^i ^ ALi- 

In Chapter 4, we will encounter superanalytic superfunctions in more than one 
even and more than one odd variable. Let m, n G N, and let C/ be a subset of 
(A*)™ ® (A*)"- A*"Superfunction if on ?7 in (m, n)-variables is given by 

A* 

(2;i,2;2,-,-2m,6'l,^2,-,6'n) 1"^ -ff(^l 

where 2:^, for fc = 1, to, arc even variables in /\'^ and for = 1, n, are odd 
variables in /\^. Let /((^i)^, (22)5, (zm)^) be a complex analytic function in 
{zk)B, for k = 1, m. For 2^ e /\^, and fc = 1, .., to, define 



(2.7) /(2:i,2;2,...,-2m) = XI 



(^1)5^^2)^ • • (Zn.)^- ^ 9 



/((^i)b, {Z2)b, (Zto)^). 



,d{z2)Bj \d{Zm.)l 

Definition 2.5. Let TO,n e N. Let U c (A">n-i)" ® (Ai>„-i)"' and let H 
be a /\^^jj_-^-superfunction in (to, n)-variables defined on U. Let 

= {(fc) = (fci,fc2,-,fc20 M e N, fcj e {l,...,n}, fci < fc2 < •••fc2;} 
= {(fc) = (fci,fc2,...,fc2i+i) M e N, fcj G {l,...,n}, fci < fc2 < •••fc2m}- 
Then is said to be superanalytic if H is of the form 

, 02) •••) Zm, ^1) ^2) •••) ^n) 



= I X 6'/ci • • •^fc2i/(fc)(2:i,^2, ••■,2m) + X ^fci • • •^'/c2, + iC(fc)(^l, 

V(fe)eAo ik)eAi 

5(fc)(2l,Z2,^^^,2m) , 
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where each /(j.) and g(^k) is of the form 
each ^(/j) and ^/jj^) is of the form 

^{k)(zi,Z2, Zm) = ^ £,{k),{]){zi, Z2, Zra)CjiCj2 ' ' ' Ci2, + l ) 

and each f(k),(,){{zi)B, {z2)b, (2:m)B), C(fe),0) ((zi)b, {z2)b, ■-, (zm)^), 
V'(fe),(i)((^i)B' (^2)s, (2:m)s), and g(fc)_(i)((zi)B, (2:2)5, (z:™)^) is analytic in 
(z;)_B, for I = 1, ...,m, and {{zi)b, (22)5, (^nOs) e Ub C C". 

We require the even and odd variables to be in A*>n-i' ^^'^ restrict the 
coefficients of the /(fe),(j)'s, C(fe),(i)'s, '0(fe),O)'s, and g(fe),(,)'s to be in C A*>„-i 
in order for the partial derivatives with respect to each of the n odd variables to be 
well defined and for multiple partials to be well defined. As in the (to, n) — (1, 1) 
case, we could merely require the coefficients to be in any Grassmann subalgebra 
of A*>n-i on * — n generators, but for simplicity we instead restrict to A*_n- 

Consider the projection 

(2.8) 7ri"'"):(A°>„_i)'"©(Ai>„-i)" ^ C" 

(Zl,...,2„i,6'l,...,6'„) l-^ ((2l)s, (22)5, (2m)s)- 

We define the DeWitt topology on (A">„_i)'" © (A!>„-i)" by letting 

c/c((A^>„_i)"©(Ai>„-i)") 

be an open set in the DeWitt topology if and only if [/ = (7r^'"'')^^(y) for some 
open set V C C". Note that the natural domain of a superanalytic A*>n-i" 
superfunction in (to, rt)-variables is an open set in the DeWitt topology. 

A superconformal field theory based on "superfields" which are superanalytic 
superfunctions in (1, 7i)-variables would be referred to as an "iV = n superconformal 
field theory" . 

Remark 2.6. Recall that Al C Al+i foi' L eE, and note that from (|2.7|) . any 
superanalytic Ai-superfunction, H^, in (m, n)-variables for L > n can naturally be 
extended to a superanalytic AL'"Supcrfunction in (to, rt)-variables for L' > L and 
hence to a superanalytic Aoo"SiiP6rfunction. Conversely, if Hl' is a superanalytic 
AL'"Superfunction (or Aoo"^^P^'^^™*^^i°^) l*^' 'T^)-variables for U > n, then we 
can restrict H^i to a superanalytic AL"Superfunction for L' > L > n hy restricting 
(zi, ...Zm,,di,---,6n) G (A°)™ffi(AL)" and setting /(fe),(i) = g(k).,(i) = if (*) i ^L-n 
and £.{k).{j) = ^{k),{j) = if (j) ^ Jl-u- 

2.2. Superconformal (1, l)-superfunctions and power series 

Let z be an even variable in A*>o ^'^^ ^ variable in Ai>o- Following 

|Fdj . define 13 to be the odd superderivation D = + 9-^ acting on A*>o" 
superfunctions in (1, l)-variables which are superanalytic in some DeWitt open 
subset U C A*>o- Then = and if H{z,9) = {z^9) is superanalytic in some 
DeWitt open subset U C A*>o' then D transforms under -ff (2, 9) by 

(2.9) D = (1)^)1) + (135 - 9D9)D^ 
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where D = + with and defined by 

d9 az 

d dz d 86 d d dz d 86 d 

8^ ^ dim ^ 8^86 de^dddS^ddde' 

Recall that a complex function / defined on an open set Ub in C, of one 
complex variable zs, is conformal in [/^ if and only if ■j^fi^B) exists for G Ub 
and is not identically zero in Ub, i-e., if and only if /{zb) = zb transforms by 

= /'{zb)-;^ for /' not identically zero. Such a transformation of is said to 
be homogeneous of degree one, i.e., / transforms by a non-zero analytic function 
times ^j— to the first power with no higher order terms in Analogously we 

define a superconformal superfunction on a DcWitt open subset J7 of /\^^q to be a 
superanalytic superfunction H under which D transforms homogeneously of degree 
one in U . That is, H transforms Z? by a non-zero superanalytic superfunction times 
D to the first power, and no higher terms in D. Since a superanalytic function 
H{z,9) = {z,0) transforms D according to H2.9I) . H is superconformal if and only 
if, in addition to being superanalytic, H satisfies 

(2.10) Di- 909 = 0, 

for D9 not identically zero, thus transforming D hy D = {D9)D. If H{z, 9) = 
{f{z) + 9£^{z),ip{z) + 9g{z)), then the condition H2.1()|l is equivalent to the condi- 
tions 

(2.11) C = and y^^/' + ^V', 

with D9 = g[z) + 9'tjj'(z) not identically zero. Thus a superconformal function H 
is uniquely determined by f{z), ipiz) and a choice of a well-defined square root for 
the function /' -I- ipip' , and H must have the form 

(2.12) Hiz, 9) = (^f{z) + 9i;{z)^f'{z) + i;{z)i;'{z), 

4>{z) + 9^r{z)+i,{zW{z)) , 

with /' or '4>' not identically zero. Note that V/' + V'V'' is a solution to H2.11|l . if and 
only if — ^//' -|- ipil)' is also a solution. Thus H given by (|2.12|) is superconformal, if 
and only if H{z, —9) is superconformal. Hence for every even superfunction / and 
odd superfunction i/j with /' + ipijj' ^ and with a given well-defined square root 
for /' -|- ipip' , there are exactly two distinct superconformal functions H satisfying 
eH{z,9)=9{f{z),^iz)). 

By definition, if /^(^s) ^ then y/f'{z) + ^p{z)ip'{z) is the Taylor expansion of 
the square root about fsizB), and thus a well-defined square root for f + ijjip' only 
depends on a well-defined square root for fB{zB)- In addition, in the case f'{z) ^ 0, 
since the square of any odd superfunction is zero, (|2.12|) can be simplified to 

(2.13) H{z, 9) = (/(z) + 9^{z)^JJ{z), yj{z) + 9^ f'{z) + ^{z)^'{z)) . 

Remark 2.7. By "square root of /' + V'V'"'; we mean a solution to (|2.11|) 
and not necessarily a square root defined for some open subset of /\^. For instance, 
H{z, 9) = [z^ /i, 9z) and H{z, 9) = (z^/3, —9z) are both superconformal for [z, 9) £ 
f\^^Q, i.e., z is a valid solution to Vz^, as is —z. We could also choose a branch 
cut for the complex logarithm, thus defining a square root in the complex plane. 
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and then let H{z,9) ~ (z'^/S, Sa/z^) where is the Taylor expansion about 
zb using this complex square root. However, then H is superconformal only for 
supernumbers with body in the complement of the branch cut being used. For 
instance, H would not be superconformal in a neighborhood of € A*>o- 

Note that the space of superconformal functions on A*>o closed under com- 
position when defined. However, the sum of two superconformal functions is not in 
general superconformal. 

Remark 2.8. The above notion of superconformal is based on the operator 
D — + 6-§^- But the crucial property of D is that it satisfies — Thus we 
could just as well have used the operator Ds = s-gg + ^0-^ for any s G (A*-i)^ 
for (z,9) G A*>o- This is equivalent to transforming 6' by 6' <-> ^9. Then a Dg- 
superconformal superfunction Hs is of the form 

(2.14) H,{z,9)= (f{z) + %{z)^/r{^),^{z) + -9^r{z) + ^P{z)i:'{z) 
\ s s 

for / and superanalytic in z. Note that given a Ds-superconformal function 
Hg, the transformation s <-> — s transforms the square root of /' + ^ij/ that Hg 
defines to the corresponding negative square root and visa versa. Thus (|2.14() can 
be thought of as defining a continuous deformation from a superconformal function 
Hs=i{z, 9) using a given well-defined square root of /' -I- to the superconformal 
function Hs^-i{z,9) = Hs=i{z^ —9) using the negative of this square root. This 
deformation and the issue of alternate notions of superconformality will be studied 
in a subsequent paper. 

In Section 2.4, we will study "super-Riemann spheres with punctures and local 
superconformal coordinates vanishing at the punctures" . These punctures can be 
thought of as being at e A*>0' ^ non-zero point in A*>0' "-"^ ^ distinguished 
point on the supersphere we denote by "oo". As will be shown in Section 2.4, we 
can always shift a non-zero point in A*>o ('^^ super-Riemann sphere) to 

zero via a global superconformal transformation. Thus all local superconformal 
coordinates vanishing at the punctures can be expressed as power series vanishing 
at zero or vanishing as (z, 9) = {zb + zs, 9) — > (oo -I- 0, 0) = oo. 

If the puncture is at zero, we are interested in invertible superconformal func- 
tions -ff (z, 9) defined in a neighborhood of zero vanishing at zero. Such an H is 
of the form (|2.13() where /(z) and ^{z) are even and odd superanalytic functions, 
respectively, with /(O) = 0, /'(O) G A^-i and V'(O) = 0. Thus by ^T^, f and V 
can be expanded as 

/(z) = ^ajZ-'+i, foraJeA2-landaoe(A°-l)^ 
tp{z) = ^mjZ^+\ formj-eALi- 

JEN 

Then by (EHJ, 

g^(z) = '^aj{j + l)z^ + ^ mjmk{k + l)z^'^''+'^. 

jeti j.fcGN 

The condition that ao be invertible is necessary and sufficient for H to be invertible 
in a neighborhood of zero, and in this case, we can factor ao out of the expression 
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above so that 



(2.15) g\z) = aJl+y + l)z^ + V !!^(A; + l)z'+^+^ 



an — ' an 



Fix a branch of the complex logarithm, and let y^ools be the corresponding square 
root of (00)5. Then solving H2.15|l . we have 



5(z) = ±V^(l + ^ 



where 1 + X^jeN '^j^^^^ ^^e expansion about zero of the square root of the term 
in parenthesis on the right-hand side of (|2.15|l using the principal branch of log, 
and y^oq is by definition the expansion about (ao)_B. 

Thus if H is superconformal and invertible in a neighborhood of zero, and 
vanishing at zero, H can be expanded as 

(2.16) H{z,e)^ [^aj0j'+i+6lan(^mjZ^+i)(l + ^CjzJ'+i), 

^mj-z^+i +0an(l + ^c,z^+i) J 

where G (A*-i)^ such that «□ ~ oq. In other words, a superconformal function 
vanishing at zero and invertible in a neighborhood of zero is uniquely determined 
by SjeN'^i^^'''^ Yj^m'^i^^^^ ^"^^ °° ^ (A*-i)^ satisfying = oq. Note that 
by giving the data On G (A*_i)^j we need not specify a branch of the complex 
logarithm. 



Remark 2.9. In |B1| and |B2| . instead of specifying e (A*-i)^ such that 
= ao in the data describing a power series about zero, we fixed a branch cut 
for the complex logarithm and then specified whether we were using the positive 
or negative square root with respect to this branch cut for the square root of ap. 
However, it is more natural to not specify a square root and instead specify the 
value of On whose square is a^. We take this more natural approach throughout 
this paper. 

Similarly, we would like to express a superconformal function vanishing as 
(z, &) (oo, 0) = oo as a power series in z and Q. The superfunction 

^ • /\*>o /\*>o 

is superconformal, well defined and vanishing as (z, 0) — s- oo. In fact, H is super- 
conformal, well defined and invertible in a neighborhood of oo and vanishing at oo 
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if and only ii H{1/ z,i9/ z) is of the form H2.16|l . i.e., 
(2.17) i7(z,0)= (5]a,z-^-i + ^an(5]m,z-^-i)(l + ^ 



where 1 + X^jeN'^j-^ ^ ^'^^ power series expansion of 

(2.18) (i+ + E ^(fc + iK-^--)''' 

about oo, and «□ e (A*-i)^ such that = ag. Thus a superconformal function 
vanishing at oo and invertible in a neighborhood of oo is uniquely determined by 
EJeN%^"^"^ J2jeN'^3^~'~^ s-iid an e (AI^iV satisfying = ao. 

2.3. Complex supermanifolds and super-Riemann surfaces 

A DeWitt (jn^n)- dimensional topological superspace over /\^ is a topological 
space X with a countable basis which is locally homeomorphic to an open subset of 
(A*)™ ® (A!)" in the DeWitt topology. A DeWitt (m, n)-chart on X over A* is a 
pair (f7, il) such that C/ is an open subset of X and 17 is a homeomorphism of U onto 
an open subset of (A*)™ ® (A*)" in the DeWitt topology. A superanalytic atlas 
of DeWitt {m,n)-charts on X over A*>,i-i is a family of charts {{Ua,^a)}aeA 
satisfying 

(i) Each Ua is open in X, and UaeA = X. 

(ii) Each fia is a homeomorphism from to a (DeWitt) open set in 

(A*>„-l)™ ® (A*>n-l)"' 

such that 

o n~'^ : np{Ua n Up) — » r2a([/a n Up) 

is superanalytic for all non-empty Ua n ?7/3, i.e., Via ° ^p^ = {zi, ■■•,5m, ^i, ■■■,^n) 
where 5i is an even superanalytic A*>„_i-superfunction in (m, n)-variables for i = 
l,...,m, and 9j is an odd superanalytic A*>n-i"Supcrfunction in (m, n)-variables 
for j = 1, ...,n. 

Such an atlas is called maximal if, given any chart {U, Q) such that 

Qon-^ : np{u n Up) — > n{u n Up) 

is a superanalytic homeomorphism for all (3, then {U,il) G {{Ua,^a)}aeA- 

A DeWitt {■m,n)-supermanifold over A*>n-i is ^ DeWitt (m, n)-dimensional 

topological space M together with a maximal superanalytic atlas of DeWitt (m, n)- 

charts over A*>„-r 

Given a DeWitt (m, n)-supermanifold M over A*>n-i' define an equivalence 

relation ~ on M by letting p ^ q if and only if there exists a & A such that p,q E Ua 

and 7r^'"^(ria(p)) = tt^'"^ (120(9)) where tt^'"^ is the projection given by H2.8|l . 

Let pb denote the equivalence class of p under this equivalence relation. Define the 

body Mb of M to be the m-dimensional complex manifold with analytic structure 
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given by the coordinate charts {((t/Q)_B, (riQ)_B)}QgA where {Ua)B = {pb |pG Ua}, 
and {^a)B-{Ua)B — > is given by (l^a)B(Ps) = tt^"'"'' o Vtaip). 

Note that M is a complex fiber bundle over the complex manifold Mb- The 
fiber is (A!>n-i)s ® (Ai>ra-i)"' ^ possibly infinite-dimensional vector space over 
C. This bundle is not in general a vector bundle since the transition functions are 
not in general linear. 

For any DeWitt (1, n)-supermanifold Af , its body Mb is a Riemann surface. 
A super- Riemann surface over A*>o ^ DeWitt (1, l)-supermanifold over A*>o 
with coordinate atlas f^a)}aGA such that the coordinate transition functions 

Q,a o f^^^ in addition to being superanalytic are also superconformal for all non- 
empty Ua n Up. Since the condition that the coordinate transition functions be 
superconformal instead of merely superanalytic is such a strong condition (unlike 
in the nonsuper case), we again stress the distinction between a supermanifold 
which has superanalytic transition functions versus a super-Riemann surface which 
has superconformal transition functions. It would be perhaps more appropriate to 
refer to the later as a "superconformal super-Riemann surface" in order to avoid 
confusion. In fact, in the literature one will find the term "super-Riemann surface" 
or "Riemannian supermanifold" used for both merely superanalytic structures (cf. 
[D]! and for superconformal structures (cf. |Fd) . |CRp . However, we will follow the 
terminology of Fd and refer to a superconformal super-Riemann surface simply 
as a super-Riemann surface. 

Next we show that if M is a DeWitt (1, l)-supermanifold over Aoc then for 
i e N we can define a DeWitt (1, l)-supermanifold Ml over Ai which can in some 
sense be thought of as a sub-supermanifold of M . In addition, we can define a 
DeWitt (1, l)-dimensional topological superspace M£ over A^ for i G N which as 
a 2-^-dimensional complex manifold embeds in M . 

Recall that Al C Aoo ■^^'^ € N. Let be the fixed basis for Aoo' ^'^'i 

let oo '■ Al — Aoo ^® inclusion map. Denote the corresponding projection 

by 

Poo.L : Aoo — * Al 

C,i for i < L 



for i > L 



Let i? be a superanalytic Aoo'^^P^'^fu'^'^t^O'^ ™ (1, l)-variables defined on some 
DeWitt open set U C /\^ with Laurent expansion in z G Aoo given by 

for some cij,bj G Aoo- Define the superanalytic AL"^'^P^'"f™*^tion Hl in (1,1)- 
variables on Ul — Poox{U) c Al ^y 

Hl{z,0) = ^pocX-i{aj)z^ +O^poox^iib])z^ . 

Let M be a DeWitt (1, l)-supermanifold over Aoo with local coordinate atlas 
{Ua,^a)aeA- Define 



L = ( |_J Poo,L O fla{Ua)j/ 
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wherep € Poo,L°^a{Ua) and q G Poo,L°^f3{Up) are equivalent under the equivalence 
relation « if and only if 

Then is a DeWitt (1, l)-supermanifold over /\^. Note however that can not 
in general be embedded as a submanifold of M; the coordinate transition functions 
of M do not restrict to since (51^ o fi"^)^ is not a simple restriction of Hp o f2~^ 
to /\^. If we instead form 

(2.19) Ml== (y poo,Lol],(;7„))/«' 

wherep £ Poo,L°^aiUa) and q G Pao,L°^p{Uf3) are equivalent under the equivalence 
relation if and only if 

q = Poo,L oVLpo Q,^^ o iL,oo(p), 

then is a DeWitt (1, l)-dimensional topological superspace over f\j^ which 
naturally embeds into M. In addition, is a 2^-dimensional complex analytic 
manifold but is not in general a DeWitt supermanifold due to the fact that the 
coordinate transition functions are not in general superanalytic. 

In addition to embedding into M, any embeds into M"^, for L, L' e N with 
L' > L. Thus we have an infinite sequence of complex manifolds 

and taking the direct limit of this sequence, we recover M, the DeWitt (1, 1)- 
supermanifold over /\^ (cf. Ro2j. This construction can be extended to DeWitt 
(rn, n)-supermanifolds for general m, n G N in the obvious way. 

2.4. Superspheres with tubes and the sewing operation 

By = 1 supersphere we will mean a (superconformal) super-Riemann surface 
over A*>o such that its body is a genus-zero one-dimensional connected compact 
complex manifold. From now on we will refer to such an object as a supersphere. 

A supersphere with 1 -I- n tubes for n G N, is a supersphere S with 1 negatively 
oriented point po and n positively oriented points pi, ...,p„ (we call them punctures) 
on S which all have distinct bodies (i.e., pi is not equivalent to pj for i j under 
the equivalence relation ~ defined in Section 2.3) and with local superconformal 
coordinates (Uq, fto), {Un, ^n) vanishing at the punctures po, ...,pn, respectively. 
We denote this structure by 

{S;po, ...,p„; {UnMo), {Un,^n))- 
We will always order the punctures so that the negatively oriented puncture is Pq. 

Remark 2.10. The reason we call a puncture with local superconformal co- 
ordinate vanishing at the puncture a "tube" is that such a structure is indeed 
superconformally equivalent to a half-infinite superconformal tube representing an 
incoming (resp., outgoing) "superparticle" or "superstring" if the puncture is pos- 
itively (resp., negatively) oriented. For r G M+, denote by 

= i'^B eC\\wB- zb\ < r} (resp., B^^ = {wb G C | - zb\ < r}) 

an open (resp., closed) ball in the complex plane about the point zb with radius r. 
Denote a DeWitt open (resp., closed) ball in A*>o about (z, 9) of radius r by 

= X (A*>o)s (resp., = B^^ x (A.>o)5). 
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(Note that depends only on zb and r.) Let p be a positively oriented puncture 
with a local coordinate neighborhood U and superconformal local coordinate map 
: ?7 — > /\^^Q vanishing at the puncture. Then for some r G M+, we can find a 
DeWitt open disc Bq such that ^.^^{Bq) C U. Define the equivalence relation ~ 
on A*>o (-^1' ^i) ^ ('^2, ^2) if and only if (zi)b = (22)3 + 27rifc for some integer 
k. Then the set Tr of all equivalence classes of elements of (z, 9) G A*>o satisfying 
Re(zB) < logr (where Re(zB) is the real part of the complex number zb) together 
with the metric induced from the DeWitt metric on /\^^g is a half- infinite tube in 
the body and is topologically trivial in the soul. Letting H{z, 6) = (logz, 9^/lJz)^ 
the map q ^ H{U{q)) from ^^^{Bq) to Tr is a well-defined invertible superconfor- 
mal map. A closed curve on the supersphere shrinking to p corresponds to a closed 
loop or "superstring" around this half-infinite super-cylinder tending towards mi- 
nus infinity in the body coordinate. We can perform a similar superconformal 
transformation for the negative oriented puncture. 

Remark 2.11. In superconformal field theory, one generally wants to consider 
superspheres and higher genus super-Riemann surfaces with m G Z+ negatively 
oriented (i.e., outgoing) tubes and n G N positively oriented (i.e., incoming) tubes. 
However, for the purposes of this work, we restrict to genus zero and m = 1. 

Let 

{Si;po, ■■■,Pm; {Uo,^Iq), ([/,„, rj„)) 

be a supersphere with 1 + m tubes, for m G N, and let 

{S2', ^Oi •■•I Qn: (14)i ■^0)7 •■•J (Ki, 2„)) 

be a superspheres with 1 + n tubes, for n G N. A map F : 5*1 — > 5*2 will be said to 
be superconformal if S/3 oFofi"^ is superconformal for all charts {Ua, Oq.) of Si, for 
all charts (Va,S/3) of S2, and for all (w,p) G fla{Ua) such that Foi}~'^{w,p) G Vp. 
li m — n and there is a superconformal isomorphism F : Si S2 such that for 
each j — 0, n, F{pj) = qj and 

for Wj some DeWitt neighborhood of pj , then we say that these two superspheres 
with 1 + n tubes are super conjormally equivalent and is a superconformal equiv- 
alence from 

to 

(5'2; 90; ■■■iln] (^, ■^0), •■•7 (^n, S„)). 

Thus the superconformal equivalence class of a supersphere with tubes depends 
only on the supersphere, the punctures, and the germs of the local coordinate maps 
vanishing at the punctures. 

We now describe the sewing operation for two superspheres with tubes. For the 
bodies of the two superspheres, the sewing will be identical to the sewing operation 
defined in [HI], El for sphe res with tubes when the two superspheres can be 
sewn. In general, however, it is not true that if the bodies of two superspheres 
can be sewn then the two superspheres can be sewn since, as we shall see below, 
whether two superspheres (or spheres) can be sewn together depends on the radius 
of convergence of the local coordinates of the punctures where the sewing is taking 
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place. But in general, the radius of convergence of a superfunction may be smaller 
than the radius of convergence of its body component. 
Let 

(S'i;po, --vPrn; iUQ,Q.o), (J7„,f2„)) 
be a supersphere with 1 + m tubes, for m G Z+, and let 

(S'2; qo, qn, {Vq, So), (14, S„)) 

be a superspheres with I + n tubes, for n G N. Assume that there exists a positive 
number r such that the closed DeWitt ball about the origin of radius r satisfies 

(2.20) S5 - (55 X (A*>o)s) C fl,iU^), for some < i < m, 
and the closed DeWitt ball about the origin of radius l/r satisfies 

(2.21) Bl^"- = [Bl'"- X (A,>o)s) C So(Fo), 

and also such that pi and go are the only punctures in ^^"^(Sq) and 20^(6^'^), 
respectively. In this case, we say that the i-th puncture of the first supersphere 
with tubes, Si, can be sewn with the 0-th puncture of the second supersphere with 
tubes, 82- From these two superspheres with tubes, we obtain a supersphere with 
1 + (771 + n— 1) tubes, i.e., with one negatively oriented tube and m + n—1 positively 
oriented tubes. We denote this supersphere by Si iooo S'2, and it is obtained in the 
following way: 

(i) By H2.20(l and (|2.21() . there exist ri,r2 G M+ satisfying < r2 < r < ri 
such that C r2j(C/j) and 6^''" C So(Vb). Then the DeWitt open subsets 
Si \ f^r^(^S') and 52 \ So 1(^0^'^') of Si and ^2, respectively, are super-Riemann 
submanifolds of Si and S2, respectively. Let 

(Six^2-i(^-))u(S2x5o"'(^y")) 

be the disjoint union of Si \ f^,"^(SS') and S2 \ E-\bI^'''). On this disjoint union 
we define the equivalence relation ~ by setting p ^ q for p, q & (Si \ 0~^(So^)) U 

(S2\S„-i(i3^/'-^)) if and only if p = q or p e ^-'W^^'^), Q e E^^B^J"-' ^B'J"-'), 
and 

(2.22) E^^ o I o fl,{p) ^ q 

for I{z,6) = {1/ z,i9 / z). Define the super-Riemann surface Si icxio S2 to be the 
topological superspace 

((Si \ n-\Bl^)) U (S2 \ E-\Bl'''^)))/ ^ 

with the superconformal structure determined by the superconformal structures on 
Si \ 17~^(So^) and S2 \ E'^^^ [Sy^^) and the superconformal transition map 

In other words, Si iOOo S2 is the union of Si \ ^-\Bl^) and S2 \ E'^^bI'''^) 
with the super- annulus VL'^^Bl^ \ iJJ') C Si \ ^i^iBl"") identified with the super- 
annulus E'^^^ {By^^ \ By^^) C S2\EQ^{By^^) via the super-inversion map I{z, 9) = 
{l/z,ie/z). Note that Si \ Vl-^{Bl^) and S2 \ E^^iBy^') are super-Riemann 
submanifolds of Si ioo^ S2 and that Si iooo S2 is a supersphere with 1 -I- (m-f n— 1) 
tubes. 
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(ii) The 1 + (m + n — 1) ordered punctures of 5*1 fooo 'S'2 are 

P(),Pl, ...,Pi-l,qi, ...,qn,Pt+l, ■■■,Prn 

where po is negatively oriented and the rest of the punctures are positively oriented. 

(iii) The local coordinates vanishing at these punctures are 

The above procedure to obtain a supersphere with 1 + (to + n — 1) tubes from 
a supersphere with 1 + m tubes and a supersphere ^2 with 1 + n tubes is called 
the sewing operation for supcrspheres with tubes. 

Remark 2.12. As in the non-super case of spheres with tubes, only the local 
coordinate neighborhoods on the sewn supersphere Si iOOo S'2 might depend on the 
positive number r. Thus from the definition of superconformal equivalence, we see 
that the superconformal equivalence class of this supersphere with 1 + (to + n — 1) 
tubes is independent of r. It is also easy to see that this superconformal equivalence 
class only depends on the superconformal equivalence classes of 

{Si;po, ...,Pm] {Uo,ilo), —, {Um,^m)) 

and 

{S2;qo, ■■;qn\ (Vb, Sq), (K,,E:„)). 

2.5. The moduli space of superspheres with tubes 

The collection of all superconformal equivalence classes of superspheres over 
/\_^^Q with 1 + n tubes, for n G N, is called the moduli space of superspheres over 
A*>o ■"'^^^ 1 + n tubes. The collection of all superconformal equivalence classes of 
superspheres over A*>o with tubes is called the moduli space of superspheres over 

A*>o 

Let SC be the supersphere with superconformal structure given by the covering 
of local coordinate neighborhoods {J/a, Uy} and the local coordinate maps 

A:C/a A*>o 
T:Ur ^ A*>o 



which are homeomorphisms of ?7a onto A*>o ^'^'^ A*>0' respectively, such 

that 

AoT-i:Ar>o Ar>o 

Thus the body of SC is the Riemann sphere, {SC)b = C = C U {00}, with coor- 
dinates wb near and 1/wb near 00. We will call SC the super-Riemann sphere 
and will refer to T~-'^(0) as the point at (00, 0) or just the point at infinity and to 
A~^(0) as the point at (0,0) or just the point at zero. 
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The Lie supergroup of superconformal isomorphisms of S<C is isomorphic to the 
connected component of OSP{l\2) containing the identity (see |D], |CR| V This is 
the group of superprojective transformations and is given by 



"fw + S 7W + 6 1 + 



a,b, c,de A!-i. 
7, (5 e Ai-i! ad-bc^l 



{cw + dY ' cw + d cw + d 
For such a superprojective transformation T, define 
Ta : A,>o \ {{i~d/c)B} X (A,>o)s) ~^ A*>o ^ x (A,>o)s) 

w + b jw + 6 "fw + 6 1 + ^(57 



{cw + d)^ cw + d 



{w,p) ^ 
and 

Tr : A,>o \ x (A.>o)5) ^ A*>o ^ m/h)B} x (A*>o)i 



, , , , 7 + ^ + 5w 1 + -^(57 

P) ^ — —i *P7 — , — n— + P 



6uj (a + few)^ ' a bw a + bw 

i.e., Tt(«;,p) =/-iorAo/(i/;,p) for {w,p) £ Ar>o ^({(-aA)^} x (A*>o)s). 
Define 

(99-^) TM-i ^''°^^°^^P^ ifpGC/A\A-l({(-d/c)B}x (A,>o)s)' 

[Z.Z6) l(p)^<^ ^ ^ ^(^^ if p e C/t \ T-i({(-a/6)B} X (A.>o)s) . 
This defines T for all p E SC unless 

(i) qb — and p e T^^({0} x (A*>o)s')- which case we define 
(2.24) T{p):^A +ip ■ ,3 , ■ 



dw (c + dui)^ ' c + c + dw 

for T(p) = {w,p) = (ws,p); or 

(ii) ds = and p S A~^({0} x (A*>o)s)- which case we define 

2.25) T{p) = T TT-Pt TTTI'"* TT^'^P TT 

\ aw + (aw + 0)^ aw + aw + 

for A(p) = (wjp) = {ws,p). 

Note that with this definition, T is uniquely determined by Ta, i.e., by its value 
on A(C/a). 

In |CR| , Crane and Rabin prove the uniformization theorem for super- Riemann 
surfaces. We state the result for super-Riemann surfaces with genus-zero compact 
bodies. 

Theorem 2.13. /^ |CR| Uniformization) Any super-Riemann surface with genus- 
zero compact body is superconformally equivalent to the super-Riemann sphere SC. 

Note that in our definition of the super-Riemann sphere SC, we have chosen 
the transition function A o T^^ = I{z,6) = {l/z,i9/z), but we could just as 
well have chosen this transition to be I{z,~-9) = {l/z,—i6/z). We will denote 
the latter super-Riemann surface with genus-zero body by {SC)~ with coordinate 
charts {([/^, A"), (C/^ , T")} such that A" o {T-)-'^{z,0) = I{z,-0). These two 
superspheres are of course superconformally equivalent via F : SC — * {SC)^ defined 

by 

r (A-)-ioJoA(p) forpeC/A 
^^>-\ (T-)-i o T(p) for peUr 
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where J : A*>o ~* A*>o given by J{z, 9) = (z, —9). In |B1| and |B2| . we discuss 
the "moduH space of superspheres with tubes with positive versus negative square 
root structure" . In this paper, we do not deal with the change of variables related 
to this symmetry, but rather leave that discussion for another paper. 

Remark 2.14. In Chapter 4, we will want to consider functions on the moduli 
space of superspheres with tubes which are superanalytic or supcrmeromorphic. 
These superfunctions will in general involve an infinite number of odd variables — 
not only the odd part of the coordinate for the finite number of punctures but also 
the possibly infinite amount of odd data involved in describing the local coordinates 
about the punctures. (See Remarks 12.161 and 12.171 below.) In this case, we need 
to work over Aoo want all multiple partial derivatives with respect to these 

odd variables to be well defined. However, in this work, it turns out that we only 
take up to two partial derivatives at a time with respect to odd variables before 
evaluating. Thus we could work over a finite Grassmann algebra that allows us two 
extra degrees of freedom at any given time (or a few extra degrees of freedom just 
in case the need were to arise to take a few more partial derivatives in a row before 
evaluating). On the other hand, it is no harder to work over an infinite Grassmann 
algebra; the results we are interested in still hold, and then we may take partial 
derivatives without concern. One may always later restrict to some /\^ for L e N 
when substituting for these variables in the functional part of the theory or restrict 
to the supermanifold substructure defined in Section 2.3 for geometric aspects of 
the theory. Thus for the remainder of this paper, we will mainly work over an 
infinite Grassmann algebra. 



Let 

SL = {Kp)eAool 

I. wb 



< r 



Proposition 2.15. Any supersphere over /\^ with 1 + n tubes for n G is 
superconformally equivalent to a supersphere with 1 + n tubes of the form 

(2.26) (5C; T~\0), A-\zi,9i), , A-i(z„_i, ft„_i), A-\0); 

{A-\Bl:zl),H^-i o A), (A-i(SS"),i7„ o A)), 

where 

(2.27) SoU-i(B^O) =ffoo A, 



(2.28) {zi,9i),....,{zn-i,9n-i) e /\^, and {z.,)b ^ {zj)B for i^j, 

ro,...,r„eR+ = {reR|r>0}, 

and Hq, Hi, Hn-i, Hn are superconformal functions onB^, B^^^,..., B^zZ-\j ^o" i 
respectively, such that if we let Hq{w,p) — {vJo,po), then 

d d d 

(2.29) lim Ho{w,p) ^0, and lim tt7TT/°o(w, p) = Hm -^wpo = i; 

w—i-oo w^oQ (jp(j\^ — j w — >oc op 



d 

(2.30) Hj{z^,9j) = 0, and —Hj{w,9j) 



Hj{w,9j) X 



w=Zj w^Zj w — Zj 
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for j — 1, ...,n ~ 1; and 



d 



(2.31) i?„(0) = 0, and —Hn{w,0) ^ = liiii ' € A 



ifn(w,0) 



0=0 tu^O W 



Proof. By the uniformization theorem for super-Riemann surfaces, Theorem 
12.131 any supersphere is superconformally isomorphic to the supersphere SC. Let 

(2.32) (5;po,...,P«;(C/o,f^o),...,(C/„,f^„)) 

be a supersphere with l + n tubes and F : S S<C a superconformal isomorphism. 
We have a supersphere with l + n tubes 

(2.33) [St; Fipo), F(p„); (F(C/o), Qo o P-'), (F(C/„), fi„ o F^')) 
which is superconformally equivalent to H2.32|l . Let 

no o o A-\w,p) = ((17o o o A-i)°(u>,p), (J7o o o A-i)i(w,p)). 

We have three cases: 

(i) If F(po),F(p„) e iJA, let 

A(i^(po)) = (^^o,^'o)G AL®AL 

A(F(p„)) = (j.„,i;„)eAL®AL- 

Then 

lim — r^o ° ° ^^^(wo, p) = o- 
vo^O op 

uniquely determines a G (AL)^- -'^^ case, let T : SC SC such that 
AoT o A-'^{w,p) = Ta{w,p) 



-1 W ~ Un {Vo ~ Vn)w + VnUo - UnVQ 

P 



a'^{Un - Uq - VnVo) W - Uq fl^ (u„ - Uq) (w - Uo)^ 

. {Vo - Vn)w + VnUQ - UnVg ip 



a{un - uo){w - Uq) a{w-uo), 

(ii) If F{pn) i Ua, i.e., T(F(p„)) = «,<) e Aoo ^ith (Ob = 0, let 
A(^^(po)) = (Ho,«o)eAoo- Then 

d 

lim — f2o o ^ o A^ ^ (uq , p) — a 

vo^O dp 

uniquely determines a G (A!L)^- ^^^^ case, let 
Ta{w,p) 

^1 u'nW - 1 _ (u>0 - iVn)w + iv'^Up - Vp 

a'^ {1 — u'^up — iv'j^vo) w — Up ^ a^ll — u'^up)[w — upY 
. {u'^vp — iv'^)w + iv'^up — Vp ip 



a{l - u'^uq){w - Up) a(w-Mo), 

(iii) If F(po) ^ Ua, i.e., T(F(po)) - (ii[„w^) G Aoo ^it^i K)b = 0, let 
A{F{p^)) = (u„,w„) e Aoo- Then 

d 

lim — o F-^ o T-i(u;„ p) = a' 

v'g^O op 
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uniquely determines a! G (AL)^- ^^^^ case, let 

1 + Un ^ (-TOq + u'QVn)w - V„ + m„^0 

{-iVQ + u'QVn)w - Vn + iUnV'„ p 



a'(l — u„Uq)(mqI(; — 1) a'(uQW — 1) 

Then in each case (i) - (iii), Ta uniquely defines T : S'C ^ 5C by ^TT^ 
()2.25|l . and the supersphere with tubes (|2.33() is superconformally equivalent to 

(2.34) {St- T-i(O), A"i(zi, 0i), , A-i(z„_i, 0„_i), A-i(O); 

(T o F(C/o), r!o o o T-i), (T o ^^(;7„), 1]„ o p-^ o T-^)) 

where 

(^,,0,) = AoroF(p,), 

for j = 1, ...,n — 1. Choose rg, ...jr-n e M+ such that 

BZ^^oToF{Uo) 
C AoroF(C/,), J = 1, ...,71-1, 

SS" C AoToF([/„). 
Then the supersphere with tubes (|2.34|) is superconformally equivalent to 

(st; T-i(O), A-i(zi, 0i), , A-i(z„_i, 0„_i), A-i(O); 

(A-i(6;S) U T-i({0} X (Aoo)s), f^o ° o T-i), 
(A-i(6,^J), r!i o F-i o T-i), (A-i(6,^-J), a.-2 o ^^-1 o T-i), 

(A-i(B5"),r!„oF-ioT-i 
where 

ff„ = r!„oF-ioT-io A-iL.„ 

satisfy (E!23l, (ESDI), and (|OT|) . respectively. □ 

A supersphere with 1 + n tubes, for n e Z+, of the form H2.26|l is called a 
canonical supersphere with 1 + n tubes. 

Remark 2.16. A canonical supersphere with 1 + n tubes, for n E Z_|_, is 
determined by the punctures (zi, 6*1), 0„_i) G Ai with {zi)B 7^ (^j)^ 
if i 7^ j, the radii ro,...,r„ e M_|_ and the superconformal functions HQ,...,Hn 
satisfying H2.29|l . H2.30|l . and (|2.31|) . respectively. Consider the superconformal 
power series obtained by expanding the superconformal functions Hq, Hn around 
T~-^(0) = 00, {zi,9i), ...,{zn-i,On-i), and 0, respectively. We will denote by Hi 
both the superconformal function and its power series expansion. By H2.16|l and 
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(|TT7jl . the conditions ifT^ . and and the fact that the iJ^'s are 

one-to-one as superanalytic functions on their domains, we have 



(2.35) i^o(-,p)^ ^ + E4°^-"^-^ + ^^(E 



jeZ+ ^ JGN 



(2.36) i7,(u;, p) = ((a^]')^ [tz; + E 4'^^'^' + p(E x 



{w. p) — {w — Zi 



for I where (z„,0„) = 0, a^^^ E (AL)^ e A!L' ^r j G Z+, mf e 

AL' -f*-"^ J ^ where ^1 + X^jeN "^j*'''^ power series expansion 

about infinity of 



and yl + X)jeN "^j w-'^ j is the power series expansion about zero of 
(l + E (j + + E ('^ + ^)mfm^^'>w^+''+^y^\ 

Thus a canonical supersphere with I + n tubes, for n e Z-)_, can be denoted by 

(2.37) ((21,6*1), (2;„_i,6'„_i);ro, ...,r„;_ffo, --v^^n) 
where i/o, Hn are power series of the form (|2.35(l and H2.36|l . 

Remark 2.17. From the Remark |2 . 1 61 above, we can readily see that a point 
in the moduli space of superspheres with 1 + n tubes, for n S Z4., will in general 
depend on an infinite number of odd variables — the 9i, 9n-i and the m^j^ £ AL' 
for i = 0, n, and j E N. 

Remark 2.18. In (|2.36l) . we have factored out (aQ"*)^ from the even part of 
Hi and a^^ from the odd part (cf. equation (|2.16ll '). This is due to the unique 
role that the a^^'s play, not only in determining which square root is involved in 
the superconformal structure of Hi (see Remark |2.9|l . but also in determining the 
scaling of the local coordinate. Factoring out this scaling operator is necessary 
if one wants to achieve a certain symmetry in expressing the infinitesimal local 
coordinate transformations at the punctures (see Remark 13.2411 . 

Proposition 2.19. Two canonical superspheres with l + n tubes, for n G Z_(_, 

(2.38) ((2:1, 6*1), (z„_i,6'„_i);ro, r„; TJq, ^^n) 
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and 

(2.39) ((zi,^i), (z„_i,^„_i);fo, ...,f„;7?o, ■•■,^n) 

are superconformally equivalent if and only if (zj, 9j) — (zj, 9j) for j — 1, n — 1, 
and Hj = Hj , for j = 0, ...,n, as superconformal power series. 

Proof. Let F be a superconformal equivalence from (|2.38(l to (|2.39|l . The 
conclusion of the proposition is equivalent to the assertion that F must be the 
identity map on S<C. By definition is a superconformal automorphism of SC, 
i.e., a superprojective transformation. Also by definition we have 

(2.40) Fa(0) = AoFoA-i(O) =0, 

(2.41) i^T(O) = Toi^o T-i(O) = 0, 



(2.42) iJolgminC-O.-o) = Hq O ^ | gmi„(ro , f q ) . 

From H2.40|l and ()2.41|l and the fact that -F is a superprojective transformation, we 
obtain 



(2.43) F/^{w,p) = [a^w,ap) 

for some a e (AL)^ 
(|2.29|l . we know that 



for some a e {KLY ■ Let Ho{w,p) = {wo,Po) and Ho{w,p) = {wo,po)- From 



lim ^wpo{w,p) ^ lim ^wpq{w,p) ^i. 

w—*oo op w—^oo op 



Thus by ifTI^ and ifTI^ 

d d 
i = lim —wpo{w,p)^ lim —w{HQoF.^y{w,p) 

w^oo op w-^oo op 

y d /w p\ 
= hm —wpo[^,-] 
w^co (jp Va^ a/ 

i 

a 

i.e., a = 1. Thus F must be the identity map of Sil. □ 
For superspheres with one tube, we have: 

Proposition 2.20. Any supersphere with one tube is superconformally equiv- 
alent to a supersphere with one tube of the form 

(2.44) (5C;T-i(0);(T-i(Sy'^«),So)) 

where ^ol^^-i^g'-o) = Hq o A, and Hq can be expanded in a power series about 

infinity of the form ]2. ,V.5)) with a^^^ = rn'Q^ = 0, i.e., such that the even coefficient 
of w^"^ and the odd coefficient of w^^ in Hq are zero. 

Proof. Given a supersphere with one tube 

(2.45) {S-p-{U,^)), 
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by the uniformization theorem for super- Riemann surfaces, Theorem 12.131 there 
exists a superconformal isomorphism F : S SC such that 

(2.46) {SC:F{p);iF{U),noF-')) 

is superconformally equivalent to (|2.45() . By cases (i) and (ii) in the proof of 
Proposition 12.151 we know there exists a (non-unique) superprojective transfor- 
mation T from to {SC;T o F{p)]{T o F{U),n o F'^ o T'^)) such that 
T o T o F{p) = 0, and there exists r e M+ satisfying A_\B^^) C T o F{U), 
and n o F~^ o o A~^L^ = H where H{w,p) satisfies (|2.29|l . i.e., has a power 
series expansion of the form (|2.35|l . 

Let T/^(w^p) — {w ^ ai — ipniQ, —imQ + p) where oi is the even coefhcient of 
'W~'^ and mo is the odd coefficient of w^^ in the power series expansion of H about 
infinity. Then Hq = o F~^ o o T^^ o has a power series expansion of the 
form (|2.35|l with the even coefficient of w"^ and the odd coefficient of equal 
to zero, and there exists some tq e M+ such that Hq is convergent in B^. □ 

A supersphere with one tube of the form H2.44|l is called a canonical supersphere 
with one tube. A canonical supersphere with one tube is determined by tq G M4. 
and a superconformal power series Hq satisfying (|2.35|l with af^ = ttiq^^ — 0, and 
can be denoted by (ro;i?o)- The following proposition can be proved similarly to 
Proposition 12.191 

Proposition 2.21. Two canonical superspheres with one tube {ro', Hq) and 
{fo; Hq) are superconformally equivalent if and only if Hq = Hq. 

From ProDOsitions l2.15l 12.191 12.201 and 12.211 we have the following corollary. 

Corollary 2.22. There is a bijection between the set of canonical superspheres 
with tubes and the moduli space of superspheres with tubes. In particular, the moduli 
space of superspheres with 1 + n tubes, for n € Z_|_, can be identified with all 2n- 
tuples ((21,6*1), (z i);Hq, ...,Hn) satisfying {zi^Oi) E /\^, with {21)3 7^ 

{zj)B if i ^ i, for i,j — l,...,n — 1, and such that HQ,...,Hn are of the form 
i)i^.5'5|) and f2.clb\) . respectively, and are absolutely convergent in neighborhoods of 
00, (zi, ^i), (z„_i, 0„_i), and 0, respectively. The moduli space of superspheres 
with one tube can be identified with the set of all power series Hq of the form 
\2.85]) such that a^^^ = m!"^^ = and such that Hq is absolutely convergent in a 
neighborhood of 00. ^ 

2.6. The sewing equation 

Let 

Cl ~ {{Zl,dl), {Zm-l,0„i^i); Hq, H„i) 

and 

C2 — {{zi,Oi), (z„_i, ^„_i); Hq, Hn) 

^There is a misprint in the nonsuper analogue of Corollary 12 . 221 in H2'. Proposition 1.3.8 
in IH2| should state that the local coordinate foiw) (where here w is simply a complex variable) 
is absolutely convergent in a neighborhood of w = 00, not lii = as stated. In addition, it 
should state that fniw) is absolutely convergent in a neighborhood oi w = 0; it is stated as being 
absolutely convergent in a neighborhood of to = Zn. Corrected, the statements correspond to 
(Hq) g{wB , 0) being convergent in a neighborhood ofwg =00 and {H„)g (wg, 0) being convergent 
in a neighborhood of wb = in CoroUarv 12.221 above. 
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represent canonical superspheres with 1 + m tubes and 1 + n tubes, respectively, for 
TO £ Z+ and 71 G N. Suppose that it is possible to sew the 0-th puncture of C2 to the 
i-th puncture of C'l as described in Section 2.4. Then the resulting sewn supersphere 
Ci iOOo C2 is superconformally equivalent to some canonical supersphere ^ 

Since Ci and C2 correspond to canonical superspheres. Hi is a convergent power 
series in some neighborhood Ui of {zi,9i), and Hq is a convergent power series in 
some neighborhood Vq of 00. According to the definition of sewing, since C2 can 
be sewn to the z-th puncture of Ci, there exists r S such that Bq C Hi{Ui) and 
/Bq^'^ C i?o(Vo) and such that A^^ o H^^{Bq) contains only the puncture at (z^, 6*^) 
and o H^^[bI^^ \ ({0} x (Aoo)s')) contains no punctures. Furthermore, there 
exist ri , r2 € M+ such that < r2 < r < ri , and letting [/ C C2 be given by 

U = A-'o H.^Bl'"-^ X ({0} X (A^)s)) U T-i({0} x (A^)s), 

we have 

Ci .000 C2 = ((Ci X o Hr\&^')) U (C72 \ C/))/ ^ 

where p,q € (Ci \ A^^ o H^^IBq^)) U (C2 \ C/) are equivalent if and only if p = q 
orpe A-i o Hr\B^^' \ 6^^), g e A-i o H^\bI'''' \ S^"^), and 

(2.47) A^i o H^^ oIoH,o A{p) = q. 

Let F be the unique superconformal equivalence taking Ci iC»o C2 to C3. Then 
we can express F as two functions, one F^^^ from Ci \ A~^ o H~^{Bq^) to C3 and 
the other F^^^ from C2 \ C/ to C3 such that 

(2.48) F:Ci,(X3oC2 C3 

F(i)(g) for(7GCi\A-ioF-i(i35=) 
F(2)(9) forgeC2\C/. 

From the definitions of the sewing operation and canonical supersphere with tubes, 
the maps F^^^ and F'--^^ must satisfy the following: 

(i) Forp e A-ioi7-i(S5^ \^5=) c Ci and q € A'^ o H-\B^J''' ^B]^''') C C2, 
if p ^ g in Ci ^cxdo C2, then we must have F{p) = F{q) in C3. Thus by H2.47|l . we 
must have 

(2.49) F'-^^ip) = o A-^ o iJ-i oIoHiO A{p). 

Equation H2.49|l is called the sewing equation, and the function F is called the uni- 
formizing function. In terms of the local coordinate chart {Ua, A) of SC, equation 
(|2.49|l is equivalent to 

(2.50) F^^\w, p) = Ff ) o o / o H,{w, p) 

for F^^^ = A o o A-1, ^ = A o F(2) o A-\ and (u.,p) e \ ^o')- 

(ii) In order for C3 to be canonical, the first puncture of C3 must be at T~^(0), 
i.e., at infinity, the last puncture must be at A^^(O), i.e., at zero, and the coordi- 
nates at the punctures must satisfy the conditions H2.29|l - (|2.31|) . If z = to, that 



q 



^There is a misprint in IH2) on p. 28 in the nonsuper analogue to this statement. The 
resulting sewn sphere Ci iooo C2 should have local coordinates go, gm+n—l vanishing at the 
1 -I- (m + n — l) punctures, not gi, gm+n-l as stated. Corrected, this corresponds to the bodies 
of the local coordinates, denoted {Hq)b, (^^+n— l)s in our notation, in the super case. 



32 



2. INTRODUCTION TO THE MODULI SPACE OF SUPERSPHERES 



is if the second supersphere is being sewn into the last puncture of the first super- 
sphere which is the puncture at zero, and if n 7^ 0, then requiring that the resulting 
supersphere be canonical is equivalent to the conditions 

(2.51) ^'t^(O) = 

(2.52) hm |-(i^«)i(u;,p) = 1 

w-tco C)p 

(2.53) ^^A^O) = 



where F^^^ = ToF'^^KT-\ Conditions - ifT^ are called the normalization 

conditions for F. 

li i = m and n ^ 0, then the resulting canonical supersphere F{Ci iooo C2) 
= C3 is represented by 



C3=K^^(zi,0i),...,Fi^^( 

1)7 -^A (^Ij ^1)1 •••I ^A (^n-l:^n-l); 

Ho o {Fi'Y\ H^-i o {Fi'Y\Hi o (i^f )-\ ...,Hn o {F^^Y')- 



Conditions (i) and (ii) completely determine F, and if i = rn, and n ^ 0, 
then F{Ci iOOQ C2) = C3 is a canonical supersphere with 1 + (m + n — 1) tubes. 
If j ^ m or n = 0, we can still use F determined by conditions (i) and (ii) to 
map Ci iOOo C2 to a super- Riemann sphere C3, but this supersphere might not be 
canonical. If n = and i — m with to > 1, or if n 7^ to, the last puncture of the 
supersphere will not be at zero since F sends the zero of the second supersphere 
to zero. And if n = and m = 1 the resulting sewn supersphere will have only 
one puncture (the outgoing or negatively oriented puncture at T^^(O) = 00), and 
the coordinate at 00 might not satisfy the extra condition given in ProDOsition l2 . 2()l 
which specifies that the even coefficient of and the odd coefficient of w^^ be 
zero for the power series expansion of the local coordinate at infinity for a canonical 
supersphere with only one tube. In order to account for these discrepancies one 
must transform C3 to a canonical supersphere via a superprojcctive transformation 
as specified in the proofs of Propositions 12.151 and In other words, if n and 

i do not satisfy the conditions that i — m and n 7^ 0, we can still use the unique 
F determined by the sewing equation and the normalization conditions above, but 
then we must compose F with an easily determined superprojective transformation 
in order to obtain a canonical supersphere. 

Thus the real work needed to obtain a canonical supersphere from the sewing 
of two canonical superspheres is in solving for F using the sewing equation and the 
normalization conditions. The existence and uniqueness of a solution for F , i.e., a 
solution to the sewing equation and the normalization conditions, are guaranteed 
by Propositions ITTsI and TTM 

We give two special examples. Define the superconformal shift 



^{Zi,6,) ■ Aoo ' Aoo 

iw,p) (w ~ ~ p6i, p ~ 9i). 
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If Ho{w, p) — I{w, p) = ip/w), then 

(2.54) F^\w,p) = S(,,,e,)(«^.P) 

(2.55) F^^\w,p) - s(,^^g^)oHr\w,p). 

If Hi{w,p) = {a'^{w - Zi- pei),aa{p - 0)) for Oq G (AL)""' ^^'^'^ 

(2.56) 4'^(u;,p) = l^a^^(H^^oI{al{w-z,-pe{),aa{p-e))f , 

flp^ (-ffcT^ o ^(an(w - - p9i),an{p'- 0))^ ^ 

(2.57) 4'Hz«,p) - (an2u;,aEV). 

We call the conditions H2.54|l - (|2.57|) the boundary conditions for F. 

As with the nonsuper case (see |H2| ). this naturally leads to several questions: 
How does F depend on the local coordinates at the punctures being sewn, i.e., how 
does F depend on Hq and Hi? Is this dependence analytic or even algebraic in some 
sense? In this case is it possible to find a solution for F directly and explicitly using 
the sewing equation, the normalization conditions, and the boundary conditions? 

The answers to these last two questions is yes as will be shown in Chapters 3 
and 4. In fact in Chapter 3, in a certain formal algebraic setting, we will solve for F 
directly and explicitly by showing that F depends on Ha and Hi algebraically in a 
certain sense, and that formally, F can be obtained uniquely using the sewing equa- 
tion, the normalization conditions and the boundary conditions. Then in Chapter 
4, we will prove that this dependence is also analytic in a certain sense, and that if 
the local coordinates Hq and Hi are convergent superconformal local coordinates, 
then is a convergent superconformal function on the appropriate domain. 



■^There is a misprint in the analogous nonsuper case to equations 12.541 and 12.551 given 
in IH2I . Equations (1.4.9) and (1.4.10) in IH2I should be FW(w) = w - Zi and F^-^^w) = 
f^^{w) — Zi, respectively, not F^^\w) = w and i<'(^'(«)) = f~^(w) as stated. The correction is 
necessary if F(2) is to satisfy the normalization condition (1.4.3) in the case that Zi 7^ 0. 



CHAPTER 3 



A formal algebraic study of the sewing operation 

In this chapter, we develop a formal theory of infinitesimal iV = 1 superconfor- 
mal transformations based on a representation of the iV = 1 Neveu-Schwarz algebra 
of superconformal symmetries in terms of superderivations, and we use these results 
to solve a formal version of the sewing equation along with the normalization and 
boundary conditions introduced in Chapter 2, thus answering several of the ques- 
tions posed in Chapter 2 regarding the sewing equation. This solution to the formal 
sewing equation and the normalization and boundary conditions gives an identity 
for certain exponentials of superderivations involving infinitely many formal vari- 
ables. In addition, we prove two other identities which are related to certain sewings 
and which also involve certain exponentials of superderivations. These superderiva- 
tions give a representation of the = 1 Neveu-Schwarz algebra with central charge 
zero, and we use these identities for this representation to prove similar identi- 
ties for the Neveu-Schwarz algebra itself and hence for any representation of the 
Neveu-Schwarz algebra. Thus we obtain a correspondence between the supergeo- 
metric sewing operation of Chapter 2 and certain identities on representations of 
the Neveu-Schwarz algebra. 

The material in this chapter is algebraic and independent of the supergeometry 
studied in Chapter 2. However, the results of this chapter do of course have geo- 
metric motivation and meaning, and will be applied to the supergeometric setting 
in Chapter 4. 

This chapter is organized as follows. In Section 3.1, we give some prelimi- 
nary definitions and give two generalizations of the "automorphism property" from 
jFLMj . In Section 3.2, we develop a formal supercalculus, define what is meant 
by a formal = 1 superconformal power series, and study the formal theory 
of superconformal local coordinate maps for a super-Riemann surface. Using for- 
mal exponentiation, we characterize certain formal superconformal local coordinate 
maps in terms of exponentials of superderivations with infinitely many formal vari- 
able coefficients. The proof of this characterization relies on the generalizations of 
the automorphism property proved in Section 3.1. 

In Section 3.3, we introduce the formal sewing equation and solve this equation 
along with the formal normalization and boundary conditions in terms of exponen- 
tials of infinite series of certain superderivations. This answers in the affirmative 
some of the questions posed in Chapter 2. That is, we show that formally the 
uniformizing function giving a canonical supersphere with tubes from the sewing 
together of two canonical superspheres with tubes does depend on the local coor- 
dinates at the punctures where the two superspheres are being sewn, and that in 
a certain sense, this dependence is algebraic. In addition, we show that formally, 
this solution to the sewing equation gives an explicit solution for the uniformizing 
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function. Wc do this by interpreting the sewing equation as a product of exponen- 
tials of certain infinite series of superderivations with formal variable coefficients 
and by showing that this product is equal to a different product of exponentials 
of superderivations with coefficients involving these formal variables. In addition, 
in Section 3.3, we prove two other identities expressing the exponentials of cer- 
tain infinite series of superderivations with formal variable coefficients as a product 
of certain other exponentials. These identities relate to determining the resulting 
local coordinates of two particular sewings and are needed in |B1| to prove the 
isomorphism theorem. 

In Section 3.4, we define the iV = 1 Neveu-Schwarz algebra and point out 
that the superderivations we used in Sections 3.2 and 3.3 give a representation of 
the Neveu-Schwarz algebra with central charge zero. This shows that the Neveu- 
Schwarz algebra is the algebra of infinitesimal superconformal transformations. We 
briefly discuss the subalgebra of the Neveu-Schwarz algebra consisting of infini- 
tesimal global superconformal transformations (i.e., infinitesimal superprojective 
transformations). In Section 3.5, we discuss modules for the Neveu-Schwarz alge- 
bra. 

In Section 3.6, we generalize the identities obtained in Section 3.3 to general 
representations of the Neveu-Schwarz algebra. We obtain an additional formal se- 
ries in infinitely many formal variables which is related to the central charge of 
the Neveu-Schwarz algebra. In Section 3.7, we give the corresponding identities 
for positive-energy representations of the Neveu-Schwarz algebra showing that the 
resulting series have certain nice properties. Thus we obtain a correspondence 
between the sewing identities occurring in the supergeometric setting and the anal- 
ogous identities occurring in the algebraic setting of a positive-energy representa- 
tion of the Neveu-Schwarz algebra, for instance an = 1 Neveu-Schwarz vertex 
operator superalgebra (cf. |B1| . jB3j \ 

3.1. An extension of the automorphism property 

In this section we work over a field F of characteristic zero. Recall that the 
space Der A of all superderivations of A is a Lie sub-superalgebra of End A. Note 
that (Der A)'^ consists of ordinary derivations. Thus the following "automorphism 
property" (8.2.10) in FLM holds. 

Proposition 3.1. ^' jFLMI ) Let A be a superalgebra, u,v £ A, T e (Der ^)°, 
and y a formal variable commuting with A. Then 

(3.1) ey^ ■{uv)^{ey^ ■u){ey^ -v). 

An expression of the form denotes the formal exponential series. In the proof 
of Proposition 13. 51 we will need the following proposition which is a generalization 
of the automorphism property (|3.1|l . 

Proposition 3.2. Let A be a superalgebra, a G A° , u,v £ A, T e (Der A)'^ , 
and y a formal variable commuting with A. Then 

(3.2) 6^^"+^'^ ■ {uv) = (e^^ • u)(e^("+^) • v) 

(3.3) = {ey^"'+'^^ ■u){ey^ -v). 

Proposition 13.21 can be proven directly by expanding both sides of H3.3(l and 
H3.2|l as power series in y, comparing coefficients of for each n e N, and using 
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induction on n. This proof is given in IBlj . However, here we present the following 
alternate proof which is more Lie theoretic and which also appeared in [Blj . This 
approach was suggested by J. Lepowsky. 

Proof. Let Xi,X2,...,Xk G (End A[[y]])°. Set 

[Xi,X2, ---jXh] — [Xi, [X2, • • • , [Xk-i,Xk] •••]], 

and let [x[^^^ X2^'' ■ ■ ■ xj^^''"'] denote the iterated bracket starting with the sequence 
of zi of the Xi^s then Z2 of the X2's, etc. Then, if well defined, the Campbell-Baker- 
Hausdorff formula gives e^^e-^^ = e'-"'^^^'^^'^ where 

fcfe£-i- II, ...,if.,ji, ■..,jk efi 

(cf. |Rep . For any b £ , let lb A A he left multiphcation by b. Then for 
b,c€ A" 

[lb,T] = -lTb, and [4,^=0. 
Thus for ik,jk G {0, 1}, we have 

and 
where 

6= J2 dky'-'iT'-'a) 
fcez+ 

for some dk G A^ with di = 1. Using the automorphism property we have 

= e^^'ic^'^ ■ u){ey^ ■ v) = (e!'('^+^) . u)(e^'^ . v) 
= (ey'^ ■ u)ey^>'{ey^ ■ v) = {ey'^ ■ u)(e^('^+'^) • v), 

as desired. □ 



3.2. Formal supercalculus and formal superconformal power series 

Let i? be a superalgebra over Q (with identity). Let x be a formal variable which 
commutes with all elements of R, and let ip he a formal variable which commutes 
with X and elements of i?" and anti-commutes with elements of and itself. In 
general, we will use the term even formal variable to denote a formal variable 
which commutes with all formal variables and with all elements in any coefficient 
algebra. We will use the term odd formal variable to denote a formal variable which 
anti-commutes with all odd elements and commutes with all even elements in any 
coefficient algebra, and in addition, odd formal variables will all anti-commute with 
each other. Consequently, an odd formal variable has the property that its square 
is zero. 
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For a vector space V, and for even formal variables xi, X2t--, and odd formal 
variables (pi, V'2vi consider the spaces 



V[[xi,. 



fei, 

h , 



E 

...km en 
...In e Z2 



■•,</?nJ 

afci,...,/c„,ii 



Ofei, 



,fc„,Zi,...,i„ 



and 



^((^))[^] = { 



CLfiX 



00 



NeZ, an,bnev} cV[[x,x-%^]. 
,fn] is a Z2 -graded vector space with sign function given 

+ /„) mod 2, 



Theni?[[a;i, 

by 

T]{ax'l' ■ ■ ■ x'^ip[' ■■■(pl^) = (ry(a) + h + 

and R{{x))[(p] is a superalgebra as is R{{x~^))[(p]. 
Define 

9 9 



(3.4) 



D 



dip ^ dx 



Then Z) is an odd derivation in both T)ex{R{{x))[ip3\) and Der(i?((a;~^))[(/3]). Further- 
more, D satisfies the super-Leibniz rule (|2.2|) for the product of any two elements 
in a;^-'^]][(^] if that product is well defined. Note that 

d_ 

dx 

Recall that a superanalytic (1, l)-superfunction over A*>0' ^(-^j ^as a Lau- 



rent expansion about z and (|2.6|l which is an element of /\ 



*>0L 



-i]][6']. Taking 



a general coefficient superalgebra i?, we can write a formal superfunction in one 
even formal variable and one odd formal variable over R as 

H{x,v) = {f[x) + ^i{x),^{x)+^g{x)) e {R[[x,x-']M)^ O iR[[x,x-%ip]Y 



where f{x),g{x) G R^[[a 



and ^{x),^p{x) G R^[[x, 



In Chapter 2, the operator Z? 



6* -I- was used to define the notion 

az 



of superconformal (1, l)-superfunction over A*>o 'which is a superanalytic (1,1)- 
function with the condition that it transform D homogeneously of degree one. 
This is equivalent to the conditions (|2.11() . Thus formally, we define a series 
H{x,(p) = {f{x) + (p£^{x),tp{x) + ipg{x)) in _R[[x, to be formally super- 

conformal if 



(3.5) 



d 



d 



^(x) ^ 9{x)ip{x), and g{x) = —f{x) + ip{x)—^{x) 



with g{x) 4- ipip^x) not identically zero. Therefore a formal superconformal se- 
ries is uniquely determined by an even formal series /(x), an odd formal series 
tp{x) and a square root of the formal power series f'{x) + tp{x)^'{x). Since a 
formal series 7J(x, (^9) = {f{x) + ip^{x),tli{x) + ipg{x)) m. R\\x,x~^]][ip] has the prop- 
erty that ipH(x,ip) = ip{f{x),'ijj{x)), any formal superconformal series H{x,ip) G 
R[[x, x~^]] [ip] can be uniquely expressed by the formal series ipH(x, ip) G pR[[x, x~^]] 
and a square root for f'{x) + 'ip{x)'ip' {x) G (i?[[a;, a;~"^]][(/j])°. 
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We introduce the notation x = H'~'{x, (p) — f{x) + f£,{x) for the even part of H 
and (p — H^(x, ip) = 'ipix) + ipg{x) for the odd part of H. Then for H{x, ip) = (i, (p), 
the condition H3.5|l for H to be superconfornial is equivalent to the condition 

(3.6) Di = ^Dp>. 

In Chapter 2, we began the study of the moduli space of superspheres with 
punctures and local superconfornial coordinates vanishing at the punctures. The 
punctures on a supersphere with tubes can be thought of as being at € Aoc ^ non- 
zero point in Aoc ^ distinguished point on the supersphere we denote by oo. 
Since we can always shift a non-zero point in to zero, all local superconfornial 
coordinates vanishing at the punctures can be expressed as power series vanishing 
at zero composed with a shift or at infinity. Thus we want to study in more detail 
certain formal superconformal power series in (a;i?[[x]] © iy9i?[[a;]]) C i?[[a;]][<p] or in 
since these will include the formal superconformal coordinates over 
a superalgebra R vanishing at (x, (/?) = and [x, ip) = (cx), 0), respectively. 

First restricting our attention to formal superconformal power series in xi?[[a;]]® 
(/7i?[[a;]], we note that if H{x,p) G {xR[[x]] © (y9i?[[x]]) is superconformal and the 
even part of the x coefficient in H(x,ip) is one, i.e., if ipH{x,(p) = Lp{f{x),il){x)) 
for /(x) e and ^{x) € ^^[N] such that f{x) is of the form f{x) = 

X + E^i aja;^+\ then /' + V'V^' G {1 + j2n=i ^-nX^ I G ^"}- We define 



OO 

(3.7) {l + ^c„x" I c„ e i?} {l 



Tl = l 



h{x) ^ \J h{x) 



to be the Taylor expansion of ^Jh{;x) about a; = such that \/T 1 . Note that 
as defined here is the unique square root defined on {1 + ^nX^ \ c„ € R\ with 

range contained in {1 -I- X^J^i Cna;" | c„ G i?}, and is the unique square root 

defined on {1 + X^^S^i Cna;" | c„ € i?} mapping into {-1 - X^^i '^nx"' \ c„ € R}. 

Any superconformal H € i?[[a;]][<p] with ipH{x,ip) — <p{f{x),^{x)) (i.e., deter- 
mined by f{x) and ip^x)) for some f{x),Tp{x) € a;i?[[x]] and with the coefficient of 
X in f{x) equal to one must have the form 

(3.8) H{x, = [fix) ± ip^ix) /fM, ^(x) ± ip^f'{x)+i^ix)i^'{x)) . 

We can distinguish between these two by specifying the even coefficient of ip. That 
is if H is superconformal, vanishing at zero and ipH{x, ip) = ip{f{x),ip{x)) with the 
coefficient of x in f{x) equal to one and the even coefficient of equal to one (resp., 
-1), then H must be of the form l|3.8|l with the positive (resp., negative) sign. 

Note that from (|3.8I) it is clear that any superconformal function H is also 
completely determined by its even (or odd) part and a specification of square root. 
That is, given x = H^{x,ip) (or (p — H^{x,(p)) and a specification of square root, 
one can recover / and V'- 

We wish to express any formal superconformal series vanishing at zero in terms 
of a formal exponential of an infinite sum of certain superderivations. For any 
even formal series f{x) G a;i?°[[a;]] with x coefficient one, and any odd formal series 
ip{x) G a;i?"'^[[x]], we first express (p{f{x),ip{x)) G (y9xi?[[a;]] in terms of (p times the 
exponential of an infinite sum of superderivations in Der(i?((x))[(^]) acting on (x, (p). 
Then we prove that this exponential of superderivations is in fact superconformal 
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with even coefficient of Lp equal to one and that there is a one-to-one correspondence 
between such exponential expressions and formal superconformal power series in 
i?[[a::]][(p] vanishing at {x,Lp) = with even coefficient of the x and (p terms equal 
to one. To do this, we will want to introduce more formal variables. 

Let Aj, for i G be even formal variables, and let A4j-i/2, for j G Z+, be 
odd formal variables. Let A = {Aj}j£z+ and A4 = {A^j_i/2}j"ez+ , and consider 
the Q-superalgebra A^] of polynomials in the formal variables Ai,A2, ■■■ and 
1/2, 3/2 J Consider the even superderivations 

and the odd superderivations 

(3.10) G.,_.{x,^)^-x^(-^-p^ 



^d(f dx 

in T)ex{R{{x))Yp\) , for j G Z+. We define the sequences 

E'^iAM) = {E,{A,M)}^^^^ and E\A,M) = {E^_.{A,M)}^^^^ 
of even and odd elements, respectively, in A^] by 



(3.11) (^(x-f J2 EjiA,M)xi+\ J2 E^-iiA,M)x'^ 

(^AjLj{x,ip)+Mj_iGj_i{x,(p)^ \ ■ {x,ip). 



(f exp 



As usual, "exp" denotes the formal exponential series, when it is defined, as it is in 
the case of the above exponential of the derivation in Dcr (Q[y^, Al] [[a;]] [(p]). The 
reason for the ip multiplier in 13.11|l . is that we are in fact uniquely defining a series 

if{x),^Pix)) = (x+J2 E,iA,M)x^+\ J2 E^^.iA,M)xA 

in a:Q[y^, Al] [[a;]] by means of ip times a certain series in A{][[a:]][(p]. From 
(13.11(1 . we see that, for j &Z+, 

(3.12) Ej{A,M) ^ Aj +r°{Ai,...,Aj-i,Mi...,Mj_3), 
and 

(3.13) E^_i{A,M) = Mj_i+r]{Ai,...,Aj-i,Mi,...,Mj_^) 

where r°(^i, Ali/2, Alj_3/2), and rj(A, ...,^j_i,7Wi/2, Alj-3/2) 

are in ...,Aj^i,Mi/2, Alj_3/2], both with constant term zero. 

Let i? be a superalgebra over Q. Let {R'^)°° be the set of all sequences {Aj}j^z+ 
of even elements in R, let {R^)°° be the set of all sequences {Afj_i/2}jez+ of odd 
elements in R, and let = (i?°)°° ® (R^)^ . Given any 



{A,M) = ({A,},ez+,{Af^._.},ez+) - {{A„AI^_.)}^ 



ez+ 



G R° 



we have a well-defined sequence E{A, M) = (£'"(A, M),E^{A, M)) in by sub- 
stituting A and M into E^ {A, M ) and E^ {A, M ) , respectively, since Ej {A, M ) and 
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Ej_i{A,M) arc in Q[A,M] for j e Z+. This defines a map 

(A,Af) E{A,M) = (i;°(A,M),£;i(A,Af)). 

Proposition 3.3. The map E is a bijection. In particular, E has an inverse 
E-\ 

Proof. Given {a,m) e consider the infinite system of equations 
(3.14) {E^{A, M),E^{A, M)) = (a, m) 

for the unknown sequence (A, Af ) = {{Aj, Mj_i/2)}jez+- Define £2i{A,M) = 
Ei{A,M), and £2i+i{A,M) = Ei_i{A,M) for / e Z+. Then the infinite system of 
equations H3.14|l becomes a system of equations for £k{A, M), and using (|3.12|l and 
(|3.13|l . it is easy to show by induction on k = 1,2,..., that this system of equations 
has a unique solution, i.e., 

iA,M) = E-\a,m) = {{E-^f{a,m),{E-'^y{a,m)) 

The proposition follows immediately. □ 
Corollary 3.4. For any formal power series of the form 



(3.15) (/(x),^(x)) - (x+ J2 E "^J-i^' ) ^x{R°[[x]](BR'[[x]]) 

we have 

if fix) = (^exp - ^ (^E^^{a,m)Lj{x,ip) + Ej\{a,m)Gj„^{x,ip)^ ■ x, 

and 

if>p{x) =v3exp(-^ (^Ej'^{a,m)Lj{x,ip) + ET^}^{a,ni)Gj_i{x,ip)jy if 



where E^ ^(a,m) and E.^^^^{a,m), for j G Z-|_, denote the even and odd compo- 
nents of the series E^^ [a. m) — {Ej^{a^m)^Ej]^-^^r^{a^m)}jizi^ G R°° , respectively. 

Proof. Using equation H3.11|l and the fact that i? is a bijection, we have 

{•^f{x),'^i}{x)) 



jez+ 

[x+Y, Ej{E-\a,m))x^+\ ^ E^_^{E-\a,m)), 

~ E i^^J^^'^^'^)^]^^^^) + Ej\{a,rn)G^^i{x,ip)^y (x,(fi). 
V iez+ ' / 



□ 
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Proposition 3.5. Let R be a superalgebra and 

(A,M) = {(A„M,_i/2)},ez+ e ® {R'r = R^- 

Then 

(3.16) H{x,^) ^ expl-^ (^AjLj{x,^)+M^_iGj_i{x,^)U -{x,^) 

+ ''.-i^'(|;-''|:)))^<-'" 

is superconformal and is the unique formal superconformal power series in R[[x]\[ip\ 
with even coefficient of ip equal to one such that 

(pH{x,Lp) ^ip(x+ Ej{A,M)x'+\ Ej_i{A,M)x- 
Proof. Let 

(3.17) 7^ - - E {AjL,{x,v)+M^^.G^_.{x,^)) . 

Then T e (Der(i?[[a:]] [y?]))", i.e., T is even, and thus 

• {x, = (e^ • x,e^ • v^) e (i?[N]M)" © {R[[x]MY . 

Let 

Then /i € (i?[[x]][(^])", i.e., h is even, and we have 

[D,T]^h{x,^)D. 

Thus 

De^ ■x = e(''+^) • D • a; = e('^+^) • 

By Proposition 13. 21 

(3.18) e^(''+^) • V = e^(''+^) • ((^1) = (e^^ • (^) (e?'(''+^) • l). 

But in this case, the coefficient of for a fixed n G N has terms with powers of 
X greater than or equal to n — 1. Thus we can set y = 1, and each power series in 
equation H3.18|l has only a finite number of x^ terms for a given j G N, i.e., each 
term is a well-defined power series in x. Therefore 

e^^+^^ ■ ip ^ {e^ ■ ip) (e(''+^).l). 

Thus writing H{x^ ip) ~ {e^ ■ x,e^ ■ ip) — (i, (^), we have 

Di = e(''+^) = {e^ -ip) (e('^+^) • l) 

= {e^ ■ ip) {e^'^+^^ ■ D ■ ip) = {e^ ■ ip) {De^ ■ ip) 

— ipDif 

which proves that H satisfies the superconformal condition (|3.t)|l . The uniqueness 
follows from Proposition 13.31 the uniqueness of ^ on {1 + J2nGZ+ ^n^;" | c„ € 
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R}, and the fact that if we write H — {f{x) + ip^{x),ip{x) + (pg{x)) then from 
equation 1)8.16(1 . we can directly observe that g{x) is of the form g{x) = 1 + 
Sjez+ (terms in powers of x strictly greater than 1), i.e., g{x) e 
{1 + E„ez^c„x« |c„ei?}. □ 

Remark 3.6. Here we note a difference between the super and nonsuper cases. 
In the nonsuper case (see |H2p . the fact that 

exp(^ Ajx^+^^yx, 

for Aj g C, gives a formal analytic function is trivial. However, in the super case, as 
one can observe from the necessary machinery involved in the proof of Proposition 
13.51 the proof that the analogous expression involving superderivations H3.16|l is 
superconformal is highly nontrivial. 

Remark 3.7. That T as defined by H3.17|l is an even superderivation is due to 
the fact that T exists in the i?-envelope of Der(C[[x]][(^]); see Remark |2. II Indeed 
in the work that follows, much of our ability to extend Huang's methods in |H1| 
and |H2| to the N = 1 super case relies on this fact - that we are working in the 
envelope of a Lie superalgebra which, by definition, is an ordinary Lie algebra. 

Now we would like to include formal superconformal power series vanishing at 
zero with the even part of the coefhcient of x not necessarily one. For & e -R°, we 
define the linear operators 6^^^ and b"^"^ from R[x,x^-^,Lp] to itself by 

6^^^ • c(p"'x" = cip"'b^"x" 

for c e i?, m e Z2, and n G Z. Then the operator 6(^"^^+'^^) = b'^'^^b'^^ is 
a well-defined linear operator on i?[a;, a;~^, (p]. These operators can be extended 
to operators on [1^] in the obvious way. We note that for H{x,ip) G 

i?[[x,a;~-^]] [(/?], we have 

(3.19) •il(x,(^) = iJ(6(2^^+'^*) • (x,(^)) = H{b^x,bip). 

If H is of the form H3.16|l . in order for H{b^x, b(p) to correspond to an invertible 
local coordinate chart vanishing at zero, we must have b G (i?°)^, i.e., b must be 
an invertible even element of the underlying superalgebra R. 

Remark 3.8. The operation • H{x, ip) for H a power series of the 

form (|3.16() . results in a formal power series vanishing at zero with the even part 
of the coefficient of x equal to b^ and the even part of the coefficient of ip equal to 
b. Thus, in keeping with the notation that the even coefficient of x^^^ in f{x) is 
denoted by aj, the coefficient b^ can be thought of as ao and 6 can be thought of 
as a square root of gq. In |B1) and |B2| . we assumed a well-defined square root 
on (i?")'* , which is equivalent to choosing a branch cut for the complex logarithm 
when i? = A* (cf- Remark 12.9(1 . We used the notation oq and -^00, making it 
necessary to keep track of what square root was being used, or we used "^/oo" as 
a composite symbol to denote a specified element of (i?°)^ such that ^/ao^ = ao- 
However, it is more natural to give y/oo = b, an invertible even element of R, as the 
basic data avoiding the need to keep track of a well-defined square root on (i?°)^. 
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In order to avoid confusion as to whether ^/oq is a specified element of (i?")^ or 
some well-defined square root of an element in we will use the notation 

G (_R°)^ as our basic data such that is the even coefficient of ip and is 

(2x ^ \ -f ) 

the even coefficient of x in ^ ^ • H{x, tp) for H a power series of the form 
Extending the notation (|3.9|l to j = 0, let 

which is an even superderivation in Der(i?[[a;, x^^]] [(/s]). 
Proposition 3.9. Let au e {R^Y . Then 

(3.20) «□ • (x, (^) = = (aqX, 
is superconformal. 

Proof. Writing a^'^^"^'^'''^^ ■ (x, ip) — (a;, p), we have 

Dx = D ■ {aljx) — ipa^ — (an(^)(an) = <pDip. 

□ 

Note that the operator a^'^^"^'^''^^ should not be read as (a^^)'^''''^''^'' but as 

^'^ thus retaining the basic data rather than just a^; see Remark 13.81 

For any (A, M) g R°° , we define a map E from to the set of all formal 

superconformal power series in xi?[[a:]] [(^] with leading even coefficient of (p> equal 

to one, by defining 

(3.21) ^E'>iA,M){x,^) = ^fx+ Ej{A,M)x^+A, 

(3.22) ipE\A,M){x,ip) = ^ ^ i?^-„i(A,M)a:^ 

and letting E{A, M){x, ip) be the unique formal superconformal power series with 
even coefficient of ip equal to one such that 

ipiE{A, M){x, (^)) = ip{E°{A, M),E^{A, M)). 

For On S {R^)^ , we define a map i? from (i?")^ x to the set of all formal 
superconformal power series in a:i?[[a;]] [(/s] with invertible leading even coefficient of 
ip, by defining 

E\an,A,M){x,^) - alE\A,M){x,^), 
E\aa,A,M){x,ip) = aaE\A, M){x, 

and setting 

E{an,A,M){x,^) = {E°{an, A, M){x,^), E\aa, A, M){x,^)). 

Then E(aQ, A, M)(x, (p) is the unique formal superconformal power series satisfying 

ip{E{an,A,M)ix,ip)) = ipiE^'iaa, A, M), E\an, A, M)) 

with even coefficient of ip equal to an- The following proposition is an immediate 
consequence of ProDositions rOl 13.51 and 13.91 
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Proposition 3.10. The map E from x R°° to the set of all formal 

superconformal power series H{x, f) of the form 

(3.23) ipH{x,ip) ~ Lpia^(^x + ajX-'^^^ , mj_ix-' j 

and with even coefficient of ip equal to «□ for (an, a, m) G (i?*^)^ xR°° , is a bijection. 

The map E from R°° to the set of formal superconformal power series of the 
form \3.2!j\) with On = 1 and even coefficient of ip equal to 1 is also a bijection. 

In particular, we have inverses E^^ and E^^. 

We will use the notation: 

Tnix^ip)^- ^ (^E^^{a,m)Lj{x,(p) + E7\{a,m)Gj^i{x,(p)^ 

for H{x, if) formally superconformal of the form (|3.23() with even coefhcient of f 
equal to an- Thus any superconformal power series H{x,ip) of this form can be 
written uniquely as 

(3.24) H{x, if) = e^«(^'^) • On''^"^"''^^ • (x, </?). 

Recalling (|2.36|) . we know that a local superconformal coordinate map van- 
ishing at G A*>o '^ith pH{w,p) = p{f{w),ip{w)) is completely determined by 
f{w), ij){w) and a choice of square root for f'{w) + 'ip{w)'ip' (w), where f{w) can 
be expanded in a power series of the form aQ{w + X]jez+ o-jW^^^) with Oj E A*>o 
and «□ G (A*>o)^' ^^'^ ipiw) can be expanded in a power series of the form 
On J2ji£Z+ with mj_i/2 S Ai; such that these power series are absolutely 

convergent to f{w) and ip{w), respectively, in some neighborhood of zero. Thus 
we see that formal superconformal power series H{x, ip) of the form (|3.24() can 
be thought of as the "local formal superconformal coordinate maps vanishing at 
zero" or the "local formal superconformal coordinate transformations fixing the co- 
ordinates of a fixed point to be zero" . From H3.24|) , we see that the "local formal 
superconformal transformations superanalytic and vanishing at zero" are generated 
uniquely by the "infinitesimal formal superconformal transformations" of the form 

(logan)2Lo(a;,<^) + ^) + ^'^j-^^j-^i^^ f)) 

(except for single- valuedness) , for «□ G (i?°)^, and {{Aj,Mj_i/2)}jez+ G 
Proposition 13 . 1 Ol states that these "infinitesimal superconformal transformations" 
can be identified with elements in (i?°)^ x 

Proposition 3.11. Let u,v e R{{x))[ip]; let {A,M) g R°°; and let 

(3.25) T ^ - Y {^iL,{x,^)+M^_.G^_.{x,^)) 

Then 

(3.26) • (uv) = (e'^ • u) {e^ ■ v) . 
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In other words, for T, u, and v given above, the automorphism property. Propo- 
sition |01 holds if y is set equal to 1. 

Proof. For i E Z, the term ^ • a;' has powers in x greater than or equal to 
i + n — 1 for n G , and ^ ■ ipx^ has powers in x greater than or equal to « + n 
for n > 0. Thus setting y = 1 in equation of Proposition 13 . II applied to this 
case, each power series in equation (|3.26|l has only a finite number of x^ terms for 
a given j G Z, i.e., each term is a well-defined power series in R{{x))[ip\. □ 

Proposition 3.12. LetH{x,(p) e R{{x))[(p], and H{x,ip) = • {x,ip). 

Then 

(3.27) H{H{x, if)) ^ i?(e^"(^''^) • {x, ip)) = e^^^^-'^^ • H{x, ip). 

Proof. Write H(x,if) = e^" ■ {x,ip) = {e^" ■ x, e^" • ip) {x,(p). Equation 
(|3.27|l is trivial for H{x^ ip) — 1, H{x, ip) ~ x, and H{x, p) — p. 

(i) We prove the result for H{x, ip) ~ x", with n G N and n > 1, by induction 
on n. Assume e'^" ■ x^ = (e-^^ • x)^ for fc G N, fc < n. Let H{x, ip) — x". Then by 
Proposition 13.111 

• H{x, ip) = • = (e^« • x) (e^« • x"'!) 

= (e^« • x) (e^" • x^^ ^ ^ ip)). 

(ii) We next prove the result for H(x, tp) = x^", n G Again by Proposition 

ixrn 

1 = e"^" • (xx^^) ^ {e^" ■ x){e^" ■ x^^). 

Thus 

e^" ■ x"^ = (e^" • a;)"^ 

Assume e^" ■ x~'^ = (e^" ■ xY^ for fc G N, fc < n. Let H{x,p) = a;~". Then 
by Proposition 13. Ill 

= H{H{x,ip)). 

Thus the result is true for H{x, p) = x", n G Z. 

(iii) For H{x,(p) — px''\ ti G Z, we note that by Proposition 13.111 and the 
above cases for H{x, (/?) = x", n G Z, and H{x, p) = ip, 

e^" ■ H{x, p) = • (y^x") = (e^« • (p) (e^" • x") 

= (e'^«-^)(e'^«-x)" = (^i"=i?(iJ(a;,V3)). 

Since e"^" • (p^x"^ G i?((x))[(y3], for i = 0, 1 and n G Z, the result follows by 
linearity. □ 

Proposition 3.13. Any formal superconformal power series H{x,ip>) of the 
form {3.24}) has a unique inverse with respect to composition of formal power series, 
and this inverse is superconformal. That is, there exists a formal superconformal 
power series H~^{x, ip) of the form {3.24)) such that 

H{H-\x,ip)) ^ ix,ip), and H-\H{x,ip)) = {x,p). 



(e^" ■ x) ^ {e^" ■ x) — X ^x 
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IfE-\H{x,^)) = {aa,A,M), i.e., 
(3.28) 



(3.29) H-\x,ip) 



2Lo(2:,v) 



(a;,<^) 



2Lo{x,ip) 



expl ^ (AjLj(x,(^)+Mj-_iGj-_i(a:,(^))j-(x,</j) 
a'a^°(^''^) •exp(-rff(x,^)) • (a;, ^) G 



Proof, from H3.29|l and Proposition 13. 121 we have 



H{H-\x,^)) 

= H{H-^{alxi,anipi))\ 



i/lexpl ^ (AjLj(xi,</7i) + Af^„iG^._i(a;i,(^i))j 



•(2:i,'Pl)j 

= i?(cxp {-TH{xi,ipi)) ■ (a:i, (pi))|(^^^^^)=(„^2^^„^i^) 
= exp {-Th{xu(Pi)) ■ i?(2:i, <^i)|(^,^^,)=(„-2^,a5V) 



= exp (-Tnixi^ipi)) ■ exp (rf/(xi, (/?i)) • 
= (ana;i,an(^i) 



•(^l''^l))|(:ri,v.i) = (a52^,a5V) 
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Similarly, 

= H-\H{a^^xi,a^'ipi))\ 



{xi,tpi) = {af^x.aQLp) 



= H Mcxp (^aa^^AjLj{xi,ipi) + aa^^^^Mj_^Gj_i{xi,ipi)jy 



{xi.^pi) = {a'^x,au(p) 



if 2Lo{xi,ipi) /rji I \\ -2Lo{xi,tfii) , n\ 



«□ ' • exp(Tif(a;i,(^i)) • ^'-H (xi,Lpi)\ 

•exp(-rH-(xi,(^i)) • (a;i,(/?i)) 

2Lo(a:i:¥'i) 



{xi,Vl) = (a}^x,auip) 



(xi,fi) = (a%.x,auv) 



(x,lf). 



(xi,ipi) = {a?-,x,auip) 



Since the formal composition of two formal superconformal power series is again 
superconformal, by Propositions 13 . 5l and 13 . 9l H^^{x,ip) is superconformal. □ 

Remark 3.14. from the proposition above, we see that the set of all formal 
superconformal power series of the form (|3.24|) with = 1 is a group with com- 
position as the group operation. This is the group of "formal superconformal local 
coordinate transformations fixing the coordinates of a fixed point to be zero with 
leading even coefficient of tp equal to one" or the group of "formal superconformal 
transformations vanishing at zero with leading even coefficient of ip equal to one" . 

Given {A, M), {B, N) e let H{x, (p) and H{x, ip) be two formal supercon- 
formal power series of the form H3.16|l such that 

(3.30) E-^{H{x,ip)) = {A,M) and E-\H{x,ip)) = {B, N). 
We define the composition (A, M) o [B, N) of {A, M), and {B, N) by 

(3.31) {A,M) o {B,N) = E-\{H o H){x,ip)) 

where (H o H)(x, (p) is the formal composition of H{x, p) and H{x, p). 

Proposition 3.15. The set R°° is a group with the operation o. Let {A, M) = 
{(Aj, Afj_i/2)}jgz+ G and for any t e i?", define 

t{A,M) ^ {{tAj,tM^_i/2)}jez^. 

Then for s, i G i?", 

(3.32) {s{A, M)) o {t{A, M)) = (s + t){A, M). 

That is the map 1 1— )■ t{A, M) is a homomorphism from the additive group of BP to 
R°°. In addition, (i?°)°° and {R'^)°° are subgroups of R°° . 
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Proof. Since the set of all formal supcrconformal power series of the form 
(I3.16|l is a group with composition as its group operation, it is obvious from the 
definition of o that R°° is a group with this operation. Let Ht{x, (p) = E{t{A, M)). 
By Proposition 13. 121 

^ e'^TH.ix.v) .^tTH,{x,V>) , ^^^^^ 

= E{{s + t){A,M)). 

Or equivalently, 

E-\Ht{Hs{x,^)) = {s + t){A,M). 
But then from the definition of s{A, M) o t{A, M), 

E~\Ht {Hs (x, ^)) = s{A, M) o t{A, M). 

Thus we obtain equation (|3.32() . Letting — (0,0) be the sequence consisting of 
all zeros in it is clear that {R^)"^ ® {0} and {0} are subgroups of 

R°°. 1 □ 

We can extend the composition o defined by (|3.31l) to [R^]^ x Given 
{aa,A,M),{hn,B,N) £ (i?")^ x let H{x,(p) and H{x,<fi) be two formal su- 
pcrconformal power series of the form (|3.28|l such that 

E-\H{x,ip)) ^ {an,A,M) and E-^(H{x,ip)) ^ (bn, B, N). 

Define 

(3.33) (an,A,M)o (6n,B,iV) - E-\(H o H){x,ip)). 
Then in terms of the composition defined on R°° by (|3.31|) . we have 

(3.34) {aa,A,M)o{ba,B,N) = (an^n, (A M) o {a^^i?,, a^^-i^V^.^ i }^.^^ J . 

Remark 3.16. With the composition operation defined above, (i?")^ x R°° is 
a group naturally isomorphic to the group of all formal supcrconformal power series 
of the form (|3.28|l . The subset R°° is a subgroup of (_R°)^ x R°° isomorphic to the 
group of all formal supcrconformal power series of the form 13.16|l . The fact that we 
can define a group action on (i?°)^ x R°° allows us to study the group (i?°)^ x R°° 
instead of the group of "formal supcrconformal local coordinate transformations 
fixing the coordinates of a fixed point to be zero" . 

We now want to consider the "formal supcrconformal coordinate maps vanish- 
ing at infinity." Let H{x, ip) e a;~^i?[[a;^^]] [(/j] be supcrconformal with 

(3.35) (pH{x,(p) = (p(^ + ajx^^^^, ^ mj_ix^A = ip{f{x),ijj{x)). 



^There is a misprint in the analogous proof to Proposition 13 . 1 51 for the nonsuper case given 
in H2 . In the proof of Proposition 2.1.14 in )H2I . factoring out the ti and t2 in the expressions 



e and e ^'2*'"' on the bottom line of p. 46, one should obtain e'^'^i'^' and e'^'-^i'^', not 

e^i'joM and e'^'^oC-) as stated. 
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Then H must define a square root for 



oo 



CjiX 

n— 3 



Let 

- 1/2 

1+ d™x'»= ( l + ^c„a;"-2 

as defined by (|3.7|l . The two possibilities for the square root that must define 
for f'{x) + ■ip{x)'ilj'{x) ~ —x^^ — J2'^=3 CnS;"" are given by 



oo \ 1/2 

n=3 ^ 



That is, if _ff e x ii?[[a; ^]][if] is superconformal with leading even coefficient of 
x~^ equal to one, then 



(3.36) H{x,ip) 




Thus we can specify H of the form (|3.36|1 by specifying /(a;), "ipi^) E^^id whether the 
even coefficient of ipx^^ is i or ~i. 
Define 

(3.37) I{x, = (-, ^) e 

Then / is superconformal of the form (|3.3t)|) with leading even coefficient of ipx~^ 
equal to i, and = {1/x, —iip/x) is superconformal of the form (|3.36() with even 
coefficient of ipx~^ equal to —i. 

We now want to use the results we have developed about formal superconformal 
series vanishing at zero to express any formal superconformal series vanishing at 
infinity and with even coefficient of (px~^ equal to i in terms of superderivations in 
DeTmx-')M)- 

Let H{x, (p) be superconformal of the form (|3.36() with leading even coefficient 
of (px~^ equal to «, and let iJ-i(x, (p) = H o I~^(x, ip). Then H-i is superconformal 
satisfying H3.23|l with an = 1 and leading even coefficient of ip equal to one. Thus 
H-i is of the form l|3.24|l with aa — I and has a well-defined compositional inverse 
HZlix.ip). 

Note that HoI^^oHZl{x, ip), and I^^oHz\°H{x, p) are well-defined formal su- 
perconformal series in i?[[a;]] [(/j] and a;i?[[a;^i]][(y5], respectively. Moreover, it is clear 
that the compositional inverse ofiJ is H-^{x,ip) = I-^ oHzl{x,ip) G x-^R[[x\][p\. 

Recall the even and odd superderivations introduced in H3.9|l and H3.10|l . Ex- 
tending these definitions to include L_j(x, (/?) and G^j^i/2{x,(p), for j £ Z_|_, we 
see that these are superderivations in Der{R{{x^^ j}[p}]). 
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Proposition 3.17. Given H{x,^p) superconformal of the form I^S.S6]} with even 
coefficient of (px~^ equal to i, we have 

(3.38) H{x,ip) = exp( ^ {Ej^{a,m)L^j{x,ip) 

+ iET\_{a,m)G_^+i{x,^)^ ■ ^) 

= "p(-i:(^7'K")("=-"|: + (^) 

...-,«.".>-(^-.£)))-(^f) 

= expfr„_.(i!^))-(i^). 

\ \X X ' ) \X X 1 



a; X 
d 



In addition, H ^{x, ip) = I ^ oH_l{x, ip) as defined above is the inverse of H{x, ip) 
with respect to composition. That is, 

H{H-\x, ^)) = H-\H{x, if)) = {x, if). 

Moreover, 

(3.39) H-^oI{x,ip) = H-^(-,'-^) 

\x X ) 

= expl - ^ (^£'^^\a,TO)L_j(x,(p) 

= exp(-TH_,(i ^)).(x,^). 

Proof. Since H is superconformal satisfying H3.36|l with even coefficient of 
ipx~^ equal to i, the power series H_i{x,ip) —Ho I^^(x,ip) G R[[x]][ip] is super- 
conformal with 

(pH^i{x, Lp) ==1^1 a; + OjX^^^, mj_ix^ 
and with the even coefficient of tp equal to one. Thus by Proposition 13. 51 we have 
H-iix,ip) = exp|-^ {E~^{a,m)Lj{x,^p) 

+ E~\ (a, m)Gj_i {x, ip)jj ■ (x, ^p) 

= exp{TH_^{x,ip)) ■ {x,(p). 
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Write I{x,Lp) — {l/x,iip/x) — {x,ip). By the chain rule 

. _i d d(p d d dx d d 

d(p d(p dip d(f dip dx dip 

and 

_2 d dx d d dip d d _^ d 
dx dx dx dx dx dip dx dp 

Therefore 

H{x, p)=Hor^ o I{x, p) = Ho r\i, p) = p) 
= exp(T//_i(i,i^)) • 



X V dp dx / / J j \x X I 



I px ■> — 



dx \ 2 J dp 



which gives H3.38|) . 

By Proposition 13. l^n we know that H^i(x,p) has a unique inverse HZ\{x,p) 
with 



H_l{x,p) = exp{T^-i{x,p)) ■ {x,p) 



px-' — — 



dp 



, ..id d 



E7^,ia,m)x^^--ip-]]]ix,ip) 



= exp(-rff_i (a;, p)) ■ {x, p). 



Setting H ^{x,p) ~ I ^ o H_l{x,ip), and since H{x,p) ~ H^i o I{x,ip), we 
have 



HoH-^{x,p) = H-io I o I-^ o HZl{x,p) = {x,p) 
H-^oH{x,p=) = I-^oHzloH-ioI{x,p) = ix,p). 
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Moreover, by ProDOsition l3 . 1 21 with H{x, ^) — I ^{x, ip) and H{x, ip) in the Propo- 
sition replaced by Hzl{x, (p), we have 



H^^ O I{X, If) = /"^ o i/I^ o I{x, ip) = o HZl 

= /"^oexpf-I 



X a; 

















a; / 



X X 



= exp(^-Tij_,(^i, • 

which gives H3.39|l . □ 

Remark 3.18. The formal superconformal power series of the form H3.38|l can 
be thought of as the "formal superconformal local coordinate maps vanishing at 
oo = (c»,0)". 

The following two propositions are analogous to Proposition 13 . 1 II and Proposi- 
tion respectively. 

Proposition 3.19. Let u,v € R{{x-'^))[p\; let {B,N) e R°°: and let 
(3.40) T = - Y, (BjL^j{x,p) + N^_.G_^^.{x,p:)] 



-7+1 ^ , fzi±l\ -J ^ \ 



-^^-^^-''i^p~4x 

Then 

(3.41) • (uv) = (e^ ■ (^e'^ ■ vj . 

In other words, for T, u, and v given above, the automorphism property. Propo- 
sition |01 holds if y is set equal to 1. 

Proof. For i e Z, and j = 0, 1, each ^^j- • p-'x^ has powers in x less than or 
equal to i — n for n € N. Thus setting y = 1 in equation H3.1|l of Proposition 13.11 
applied to this case, each power series in equation (|3.41|l has only a finite number 
of x^ terms for a given j G Z, i.e., each term is a well-defined power series in 
Ri{x-')M. □ 

Proposition 3.20. Let H{x, ip) = e'^ ■ {x, p) with f given by jff.^^ , and let 
H{x,Lp) £ R{{x-^))[(p]. Then 

(3.42) H{H{x, p)) = H{e^ ■ {x, ip)) = • H{x, ip). 

Proof. The proof is identical to steps (i), (ii), and (iii) in the proof of Proposi- 
tion]^^ To finish the proof, we only need note that since e'^ ■ ip^x" G R{{x~^))[ip] 
for i = 0, 1 and n E Z, the result follows by linearity. □ 

Generalizing Propositions 13 . 1 2l and 13 . 2111 we have the following proposition. 
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Proposition 3.21. If H,H e with H{x,(p) = • {x,(p) for 

some even superderivation T € Der(i?[[a;, a;~^]] [(/?]) such that Ta = for a £ R, 
and if either H o H {x , (f) or e'^ ■ H {x , (p) exist in R[[x,x^^]][tp], then both exist in 
R[[x, x~^]][ip] and are equal. 

Proof. We need only define the existence of the necessary expressions since 
the proof of equality is the same as that for Propositions 13. 1!^ and 13.21)1 

Suppose H{x, ip) — e^ ■ [x, (p), H{x, (p) and e'^ ■ H{x, (p) exist in R[[x, 
Writing 

'p)^Yl + 51 

neZ nGZ 

for a„, b„ S i?, then 

Thus since ■ H{x,ip) exists in and 



men ■ k£Z ^ ^ 

this implies that T^-a;", for a„ 7^ 0, and T™-.^a;" for 6„ ^ 0, exist in 
By definition, for n G Z_|_ 

(3.43) r™r 

(3.44) T™ • ipx' 



and thus the right-hand sides of H3.43(l and (|3.44|l must exist in R[[x,x ^]][(p] for 
a„ 7^ and b„ ^ 0, respectively. But then 

(3.45) (e'^ • a;) 



■ ipx^ 



= V — -T™x" 
m! 



= E(r)(^""V)(T'=x") 

JiH h:/Ti + i^m'^ 1^1 



E n(>'-) 

y — y 

ml 



to! — ' 7l ! • ■ ■ 7n ! 
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and 

(3.46) (e^-(^)(e^-x)" 

meN ' ^ \meN 'jiH hi„=m ■'"''1=1 / 

1 I " 

= E ., , (r^"^V)n(^"") 

must also exist in x"^]] [(^] for a„ 7^ and 6„ 7^ 0, respectively. Now note that 
equations (|3.43() and (|3.44l) hold if we replace x by x~^, and that these equations 
exist in a::^^]][(y£>] for a_„ 7^ and 6_„ ^ 0, respectively. In this case (|3.45|) 
and (|3.46|) also exist in i?[[a:, a:~^]][<y9] if we replace x by x~^, i.e., if a_„ 7^ then 
■ x^" — {e^ ■ x"""")" exists in i?[[a;, a;^^]][(^], and if 6_„ 7^ then ■ Lpx^"^ — 
{e^ ■ 'p){e^ ■ x^^)"' exists in i?[[a;, a;^-'-]][(p]. 

But since x"a;~" = 1 and e-^ • 1 = 1, by the automorphism property Proposition 
13.11 we have that ■ x^^ = {e^ ■ x)^^ which exists in and thus 

{e^ ■ x)~" and {e^ ■ (p){e'^ ■ x)~" exist in i?[[a:, a:^^]][</?] for a_n 7^ and 6_„ 7^ 0, 
respectively. Therefore 

Hie^ ■ (x, ip)) = ^ aje^ ' ^)" + E ^"(^"^ ' ' 

exists in a::^^]][(/3]. 

In the case that H{x,ip) = ■ {x,ip), H{x,Lp) and H{e^ ■ {x,Lp)) exist in 
-R[[x,a::^^]][iy9], by reversing the steps of the argument above, we conclude that 
e-^ • H{x, ip) exists in 2;"-^]] [tp] . □ 

3.3. The formal sewing equation and formal sewing identities 

from the previous section, we see that in general the "formal infinitesimal su- 
perconformal transformations" are of the form 



(3.47) [B,L^A^,p)+N^_^G_.^^^) + {\ogau)2Lo(x,p) 

(A,L,{x,ip) + M^_iGj_i{x,p)^ 



for an € (i?°)^, Aj,Bj e and Afj_i/2, iVj_i/2 G . In this section, we wih 
use these infinitesimal superconformal transformations to solve a formal version of 
the sewing equation along with the normalization and boundary conditions defined 
in Chapter 2. Recall that when one supersphere is being sewn with another at the 
i-th puncture of the first supersphere, the sewing equation is given by 

F^^ [w, p) = ^^f ) o iJ-i o / o H,{w, p) 

where is the local coordinate vanishing at 00 of the second supersphere being 
sewn and Hi is the local coordinate vanishing at the i-th puncture, (2;^, 9i) G Aoc 
the first supersphere being sewn. Thus formally we can write Hi and Hq in terms of 
exponentials of infinitesimal superconformal transformations and then try to solve 
for formal versions of F^^^ and F^^\ To do this formally and algebraically without 
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having to address issues of convergence, we will use additional formal variables such 
that certain formal infinite sums are well defined. The geometric interpretation of 
this formal algebraic solution and questions of convergence will be addressed in 
Chapter 4. 

Let A — {Aj}jez+ and B = be two sequences of even formal variables, 

and let a]/"^ be another even formal variable. Let M. = {A^j_i/2}jez+ and M = 
{A/}_i/2}jgz+ be two sequences of odd formal variables. Take the algebra R of 
Section 3.2 to be 

C[al,a-h[A,B]][M,Af] 

= C[a|,a---][[AuA2,...,BuB2,...]][M^,Ms,...M^,^f|,■■.]■ 

Let 



-2Lo(x,ip) 



(3.49) i/^'i,(a;,^) = exp( ^ (s,L_, (x,^) + AA^„ i G_,+ 1 (a:, (p))) • (-, 



1 lip 

X 



The formal power series j^{x^ip) € x ^R[[x ^]][(/?] is superconformal of the 

(2) ^ 



form H3.38|l . By Proposition 13.171 its compositional inverse (H^^]^) ^{x,ip) is a 



well-defined element of x ^R[[x]][(p], and by H3.39|l we have 

(3.50) (0-(-,^) 

' \x X / 

= expU^ (BjL^jix,ip) +Mj^iG_j+i{x,ip)U-{x,ip). 

Proposition 3.22. /n we have 

(3.51) (<i,)-ioJoff«,_^_^(x,(p) 

= exp(-^ (^,L,(x,v^)+Al^._iG,_.(x,^))).(4)-2i'o(.,^). 

where we always expand formal series in nonnegative powers of Aj,Bj,A4j^if2, 
andNj^i/2, for j G Z+. 
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Proof. Let 

= {x,^)+ E E H^:::':t^-'''i^M- 

n,l£H ji > ■■■ > jn > mi,...,m„eZ+ 

(n,l) 7^ (0,0) fci > ... > fc; > 

Jl Jn ^1 2 2 



from (|3.50(l . we see that H"^;;;;;-^;^^^'"'''" (a;, "jf) e Q((a;))[i^]. Then by Proposition 
13.121 we have 



Therefore 



Using H3.50|l . we obtain (|3.51|) . 



□ 



Remark 3.23. From Proposition l3.22l we see that the composition 

is generated by the formal infinitesimal superconformal transformations given by 
(j3.47|l . As shown in Chapter 2, geometrically this composition is the formal su- 
perconformal transition function of the sewn neighborhoods of a supersphere with 
tubes sewn from two canonical superspheres with tubes (see equation H2.47|l ). This 
is why we construct the formal superconformal transformations from the formal 
infinitesimal superconformal transformations in this way. Of course, in the for- 
mal version of the superconformal transition function H3.51|l , we have assumed that 
the puncture on the first supersphere into which the second supersphere is being 
sewn is at zero. In general this will be at some point p £ Ua corresponding to 
(zi, 9i) = A(p). Of course this discrepancy can be rectified by appropriately incor- 
porating the superconformal shift S(^zi,0i){x, f) = {x — Zi — ip9i, — 6i). 

Remark 3.24. Note the symmetry in the operators acting on (x, (/?) on the 
right-hand side of equation (|3.51() . Replacing {x.^p), {A,M), and {B,N) with 
I{x,Lp) = {x~^ ,iLpx~^), {B,—iJ\f), and {A,—iM), respectively, for this operator, 
we obtain its inverse. If we had not factored out an as we did (see R,emark f2.18ll . 
this symmetry would be broken. 
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Proposition 3.25. For H{x,tp) e R[x,x^^,(p], we have 



-2Lo{x,ip) ^ 



Proof. The result follows from Propositions 13 . 1 21 and 13 . 201 □ 
For the theorem below, it will be convenient to fix the following notation. Let 



Let (0, 0) = e R°° be the sequence consisting of all zeros. Let R be any superal- 
gebra. For p(a;) G we let and {p{x))'^ be the unique series such 

that [pix))" e ^[[a;"i]], e xR[[x\], and 



p{x) = + (p(x))^ 

Theorem 3.26. There exist formal series 
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which are superconformal in {x,(p) satisfying the "formal boundary conditions" 



(3.52) 




{A,M)=Q 


(3.53) 








(3.54) 




{A,M)=0 


(3.55) 


F^'\x,<p) 





^alfLoi.,^).e^-J2{BjL_j{x,^) 
+ ^,_iG_,+ i(x,v))j-(4) 



2Lo{x,ip) . 



{x,ip) 



{x,(p) 

-1 — - 

(ao x,ao » 



(4)2Lo(..^).3^pj ^ ^AjLjix,^) 
Viez+ 

+ Mj_iGj_iix,^)U-{x,ip), 



and the conditions 



(3.56) ^F^^\x,^)=^F^^\x,^) +^{(ao^9A{x)^9B{aox) 

{A,M)=0 \ \ ox 

-1 d \- -1 

- ao gB{aox)—gA{x)j + 2aQ ^ {gM{x)gj^{aox)) , 

-1/ d 1 d \~ 

"o [9A{x)-g^gM{aox) - -^9M{.aox)—gA{x) j 

+ oio^ {j^9M{x)-^gB{oiox) - gB{aox)-^gM{x) 



(3.57) {x, ^) = ^ (x, ^) I ^^^^ + <p 1^ (^gsix) -^g^{a^'x) 



- 9A{aQ ^x)-^gB{x)j - 2aQ " {gMix)gj^iaox))^ , 
+ "o [^9J^{x)-^9A{ao^x) - 9A{aQ^x)^gj^{x)^ 

+ (9Bix)^gM{ao^x) - ^9M{'^o^x)^gB{x) 



where R^^^ and i?^^^ are elements in 

C[al,a^h[-^,B]][M,mx-']] 

and 

C[al,aom-A,B]][M,mx]], 

respectively, containing only terms with the total degree in the Aj 's and Mj-1/2 's 
at least one, total degree in the Bj 's and J\fj_i/2 's at least one, and total degree in 
the Aj 's, M.j-112 's, Bj 's and Afj _i/2 's at least three. 
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Then F^'^^ o (i?!^!/-)^"'" o / o (x, f>) exists in 

xC[al ,a-''][x~\^][[A,B]][M,M], 
and there exist unique F^^^^ and F'^'^^ satisfying the above such that 

(3.58) F^'\x,v) = F^'^ ° o/oi7«,__^^^(x,^). 

We call equation iS. 5<S|) the "formal sewing equation". ^ 
Proof. Write 

(3.59) ipF^'Hx,^) = ^ E 

m,s,n,t£N m,s,7i,t£N 

(3.60) ^F^'Hx..^) = v(a-^x+ ^ /cL„,(x), ^ fcLntW) 

where -F'^^^ is superconformal, and 

h„,snt{x) e C[al,a~^][[A,B]][M,J^[[x-']] 
kmsntix) e xC[al,ao^][[A,B]][M,M]M, 

are both homogeneous of degree m in the Aj's, degree s in the Mj-i/2^s, degree 
n in the Bj^s, and degree t in the A/'j_i/2's, for j S Z+. The fact that F'-^'> is 
superconformal imphes that 



F^''^x,ip) = ix,<f) 



an + 



fO-msnt 



ix)) 



where each gmsnt = ('ZmsntJ 'Zmsnt) is homogeneous of degree m in the Aj's, degree 
s in the degree n in the Bj's, and degree t in the N'j-i/2's, for j G Z+, 

and where F^'^\x, Lp) = ix,if) satisfies Dx = (pDip for D = ^ + <y2^. (Of course 
hmsnt = h^msnt for s + * sven, hmsnt = Kasnt for s + 1 odd, and similarly for k^snt 

and qmsnt ) 



■^There is a misprint in the formulas (2.2.11) and (2.2.12) of Theorem 2.2.4 in IH2I giving 
the analogous nonsuper case to our Theorem 13.261 The first two terms in the right-hand side of 

(2.2.11) should be replaced by o.^^ (f^^ {-~^) a-nd the first two terms in the right-hand side of 

(2.2.12) should be replaced by (fj^\g)~^{^)- Similar misprints occurred in |H1| and |JB1| . These 
misprints were first corrected in IBHLI . 
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Thus letting (ijlfl-)"^ o / o h'-W^ (x, Lp) = {H^{x, Lp),H'^{x, ip)), equation 
l|3.58|l gives 



(3.61) p 



m,s,n,teN m,s,n,tGN / 



= ^ (kl,,,,{H''{x,^)) + H\x,^)ql,,,,{H''{x,^))\, 

J2 (kLnt{H"{x, ^)) + ^)g^,„,(i7"(x, ^)) 

from the boundary conditions (|3.52|) - H3.55|l . we have 



^OOntix): ^OOni(^)) 
^ n,tGN n,teN ^ 

= ¥.(4f^"(-''^).expU^ (6,i_,(a;,^)+AA^._iG_,.+ i(x,(p))]- 



^\-2Lo(a:,¥') 



m,sGN m.sGN 



^ n,teN n,teN ^ 



^("O ) 



2 \2Lo(a;,¥') , 



These equations give hmsoo, hoont, kmsoo, and fcoont uniquely for aU m, s,n,t e N. 

By the superconformal condition Di = ipD(f for i^^^^ (a;, tp) = (i, (^) and the 
boundary conditions, we see that 
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where the square root is defined to be the Taylor series expansion about x ^ and 
A = A4 = B = J\f = witli VT = 1. Note that each Qmsnt is determined by kijip for 
0<i<m, 0<j<s,0<l<n, and < p < t. Thus the hmsQO, h-oont, fcmsOOi and 
koont that we have determined from the boundary conditions for all m,s,n,t € N, 
uniquely determine qmsoo and qoont for all m, s,n,t E N. from l|3.61|l . it is clear that 
the hjnsnt term on the right-hand side only depends on , , and kijip{H'^{x, ip)) 
for < i < m, < j < s, < I < n, and < p < t. 

Note that for all /cmsoo i ^oont , Qmsoo i and qoont the coefficient of a given term 
A"i ■ ■ • • or • • • %^7Vi^_i/2 • • ■Afi^-i/2 is in C[x], i.e., 

i _ 1 

fcmsoo, fcoont, 9)nsoo, goont G C[q;o ,Q;o ^ ] [a;] [[^, S]] [A^ , TV] . 
Thus by Propositions 13 . 22l and 13 . 251 we have 

kmsQ0{H°ix,ip)) 

E Ph'::!: i^^x, ^))a,, ■ ■ ■ a,^m,^_. ■ ■ ■ m,^_^ 

31 < ■■■ < jm 
il < ... < is 

1 < . .. <J„. \ \ ^ ^ / 



21 < ... < i 



31 < ... < V iez+ ^ ^/ 

< ... < is 

^ exp(- ^ [^,^,(0:,^) +X^._iG,_i(a:,(^) n • {alr'^o 
1 < ... < jn. V jez+ ^ ^/ 

^^p(~ E (^3L^j{x,ip) +AA^_iG_^. 



il < ... < is 



_ i{x,ip) ]] ■ kmsOoix). 

And similarly for fcoont, gmsoo, 9oont, and in fact for any 

p{x)&C[4,a^hx][[A,B]][M,Af]. 

Now we can solve equation (I3.61|) for hmsnt{x) and kmsntix) by induction on 
m, s, n, and i. In fact, if we compare terms which are homogeneous of degree m 
in the Aj^s, degree s in the Mj_i/2^s, degree n in the Bj^s, and degree t in the 
TVj_i/2's, for j E Z+, on both sides of H3.61|l . we have 

(3.62) h^sntix) = k^snt{aox) + ^(™^"*)(x) + g(™^"*)(x) 
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where and q*^™""*^ (.t) are homogeneous of degree m in the -4j's, degree s 

in the Mj-i/2's, degree n in the Bj's, and degree t in the A/^-i/2's, for j £ Z+, and 

depend only on hijip and kijip for < i < m, < j < s, < I < n, and < p < 

where (i,j,l,p) 7^ (m, s,n,t). Assume hijip and kijip (and thus Qijip) have aheady 

been obtained for < i < m, < j < s, < I < n, and < p < t, where 

{i,j,l,p) 7^ {m, s,n,t), and assume that we have shown that each kijip and 9^7^ is 

- — - _____ 
in C[q!o , ctQ ^ ] [^] [[-^7 'S]] [-^j A/"]. Then by using ProDOsition K125l on each polynomial 

coefficient of each kijip (as we did for kmsooi^)), can determine fc^™""*) (x) and 
^(msni)(^)^ Then from lIXH^ . we have 

kn^sntM = -(fc(™-*)(a;))+ ~ (q('"^"*)(a;))+ 

where 

(fc(™^"*)(x))-,(g(™^"*)(x))- e C[4,«o"^][[AS]][X,AA][[x-i]] 

and 

(fc(™''"*)(a;))+,(g('"^"*)(a;))+ G C[a| , ^] [[A , AA] [N] 

such that 
and 

(q('"""*)(x))- + (g('"''"*)(a;))+ = g("""*)(a;). 

By the principle of induction, we obtain hmsnt{x) and fcmsnt(<^oa;) for all m, s,n,t G 
N, and thus we obtain ipF'^^^ {x, ip) and ipF^'^"> {x, (p). It is clear from the procedure to 
solve H3.m|l that the solutions tpF'-^'>{x, tp) and (pF'-^'>{x, ip) are unique. Furthermore 
note that the even coefficient of ip in is one and the even coefficient of ^p 

in F^'^^x, p)\(^^ M)-o '^0 ■ ^'^^ F^^^{x, p) and F^'^\x^ (p) be the unique formal 
superconformal series satisfying LpP'^^^x, ip) and pF^'^^{x, p) such that the even co- 
efiicient of ip in F*^^) (x, p)) is one and the even coefficient of ip in f'^^^ (x, p}) | 
-1/2 

IS QfQ 

To complete the proof, we note that 



\{A,M)=0 



d d 
hioio{x) = kiQiQ{aox) + aQ^gB{aox) — kwQo{aox)+gA{x) — kQow{aQx) 

d 

d d 

= kioio{aQx) - a^^gB{aox)—gA{x) + gA{.x)^gB{aQx). 



Thus 



and 



( Q d \ 

/iioio(a;) = ( ttg ^5^(a;)— gB(Qoa;) - a(7^5B(aoa;)^g^(a;) j 

kww{x) = {gB{x)-Q^gA{a'^^x) - gA{aQ^x)—gB{x) 
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and 



We note that 

d 

-1 d 
+"o ^ 9A{x)T^gu{af)x) 

_ \ 

G-r\ ^ d — 

= kiooi{aox) ^gAr{aQx)—gA{x) + ^ 9Aix)-^gN-{aQx). 

Thus 

-i / 9 1 d 

/iiooi(a;) = ao ' [gA{x)-g^9Ar{aox) - -j^9M{aQx)—gA{x) 

kimi{x) =ao' (^gM{x)-^gA{aQ^ x) - gAia^^ x)-^gM{x) 
We note that 

_i d i 

/ioiio(a;) = A:oiio(aoa:^) + Q!o ge(aoa:)^fcoioo(aoa;) + gA4(a;)'?ooio(aoa;) 

Q,-l 5 

H — |-5'7w(a;)^5B("oa:^) 
/ioiio(a;) = ao ^ ( -j^9M{x)^9B{aox) - gB{aQx)—gM{x) 



Thus 



and 

( d 1 9 \ ^ 

fcoiio(a;) = ( .g8(a;)^3A4(ao ^x) - -5A4(ao ^2;)— 5/3(2:) j . 

And finally, we note that 

i_ 

/loioi (a;) = fcoioi (ao^:) + gA/'(aoa;)(7oioo (aoa;) + ao gM (a;)qoooi (aoa;) 

_ i_ 

+ao ^5A4(a;)5A^(aoa;) 

_i _i 
= fcoioi(aoa;) - ^ gH{aox)gM{x) + gM{x)gn{aQx). 

Thus 

hQwi{x) ^2aQ^ {gM{x)gM{aox)) , 

and 

fcoioi(a;) = -2ao " (5A^(a;)gA^(aoa;)) . 
Substituting these into and ifXHUIl . we obtain and (|T77|) . □ 

Remark 3.27. We noted in Remark 13.231 that the geometric meaning of the 
left-hand side of (|3.51(l is the formal superconformal coordinate transition function 
of the sewn neighborhoods of a supersphere with tubes sewn from two canonical 
superspheres with tubes. If we denote the two canonical superspheres being sewn 
by St = AooU({oo} X (Aoo)s) with the i-th {i e Z+) puncture {zi,ei) of the 
first supersphere being sewn with the puncture at 00 of the second supersphere, 
then geometrically F^^^ o S(^zi,ei) and F*-^^ are formal versions of the two halves 
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and of the uniformizing function F which maps the genus-zero super- 
conformal surface resuhing from the sewn canonical superspheres with tubes to 
a super- Riemann sphere with tubes. Then this super- Riemann sphere with tubes 
can be mapped to a canonical supersphere with tubes via a global superconfor- 
mal transformation, i.e., a superprojective transformation. Thus the meaning of 
F^^"^ o S(^zi,9i){xj f) is the "formal superconformal coordinate transition function of 
the first canonical supersphere taking oo of the first canonical supersphere to oo 
of the resulting super- Riemann sphere", and the geometric meaning of F<^^\x,^) 
is the "formal superconformal coordinate transition function of the second canoni- 
cal supersphere taking of the second canonical supersphere to of the resulting 
super- Riemann sphere" . Furthermore Theorem 13.261 shows that the uniformizing 
function H2.48|l which is a solution to the sewing equation along with the normal- 
ization and boundary conditions (|2.49|) - (|2.57|l does in fact depend algebraically 
on the local coordinate charts at the i-th puncture for the first supersphere being 
sewn and at infinity for the second supersphere being sewn. Moreover, this uni- 
formizing function is uniquely determined by the formal sewing equation H3.58|l . 
the formal boundary conditions H;-{.52(l - (|3.55|l , and H3.5fi|l and H3.57(l which contain 
the normalization conditions. 

Since F'^^-' and F*^^) are superconformal with 

F« e xC[al,a~''][[A,B]][M,U][[^-%ip] 
where the even coefficient of (p in F^^^ is equal to one, and 

where the even coefficient of ip in ^^^^ | (_4 ^-j-q ^Qual to by Propositions 

I3.1UI and l3.17[ there exist a unique pair of sequences 

(3.63) = (*„vI',_i)(4,AM,S,AA) 
in C[al^^,ag^^^][[A,B]][M,M] for j e Z, such that 

(3.64) F^^\x,^) = exp( ^ (vE'_,L_, (a:,^) + vI/_^.^ , G_,.+ 1 (a;, ^)) ) • (x, (^) 
and 

(3.65) F(2)(a;, if) = exp (-*o2io(a;, p)) ■ (aj)^^''^"''^)- 

^''p(^-|I {^3Lji^^V>) + '^j-lGj_l{x,ip)'j^ ■ {x,p), 

i.e., 

IoF('Kl-\x,p) = f({*_„-z*_^.+ .}^.^^J(x,(p) 
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Proposition 3.28. For j e Z+, we have ^ 

(3.66) - {-A,~M^_.)+V,{al,A,M,B,M), 

(3.67) (*_„vI/_^.^,) = {-a-'B„-a-'+^^U^_.)+V-,ial,A,M,B,U), 

(3.68) *o = + Voial,A,M,B,Af), 

1/2 

where each 'Pj{aQ ,A,Ai,B,J\f), for j e Z, contains only terms with total degree 
at least one in the Ak 's and Mk-i/2 '•S- for k £ Z_|_, and with total degree at least 
one in the Bk 's and Afk-i/2 for k G Z_|_. Both 

(3.69) """"^{^ {^"^-iL-jix,^) +^_^+iG_^+i{x,ip)j^ 
and 

(3.70) exp( J2 (*,ij(x,(p) + *,_iG^_i(x,v>) n 

are in the algebra ((End C[a;, a;^"'", (y9])[Q;Q^^, ^^^] [[^, S]][A^, A/])", and in this al- 
gebra we have 

(3.71) exp(- ^ ^A,L,ix,^)+M^_^G^_^ix,M ■ (4)-2^°(-'^). 

= exp ('^-iL-j{x,^) + -i'_j+iG_j+i{x,^)]y 

( |] (2^' V) + *j-iG^-i (a;, f^))^ • 

(a|)-2^«(-'^).exp(^vl;o2Lo(x,^)y 

Proof. Equations (|?^^ . (|^^F7|) . and follow immediately from 

(|^37jl . and 1223 . By we know that ^^W^ and l|X7n|l are in the 

algebra((EndC[[x,x-l]][^p])[Q^y^Q^o^/^][[AS]][A^,A^)°. By definition, mHTt and 
(|3.7U|I applied to (a;, (p) are in 

xC[al,ao^][x-\<f][[A,B]][M,J^ and a;C[4 , S]] A^, 

respectively, and we have 

■^There is a misprint in equation (2.2.27) of Proposition 2.2.5 in IH2I which gives the nonsuper 
version of equation lij.67i above. The first term in the right-hand side of (2.2.27) should be 
— C(g"'Bj, not — dgBj as stated. 
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Thus for any H{x,^p) G C[ay'^,aQ x^-^, [[y^, S]] [Al, A/"], we have 

(3.72) H{e^^(^Y. (*-.i-.(^,^) + *-,+iG_,+i(a:,^))j-(x,^)^ 



and 



(3.73) H{e^v(^ (^,L,{x,^) + ^^_^G^_^{x,^)^-{x,^)^ 



1/2 -l/2ir _1 



are in Cla^' .a^'^ \x,x'^ ,Lp\[[A,B]][M,N] ■ Then by Proposition ITT^ (jT?^ is 
equal to 



and by Proposition 13. 201 (|3.73|l is equal to 



exp UjLj{x,f) + <i^_iG^_i^{x,f)\yH{x,f). 

Thus the above expressions are also in 

xC[al,a~^][x-^,ip\[[A,B]][M,N] and x<C[al ,a~^][x,ip\[[A,B]][M,N], 
respectively. Since H{x, ip) was arbitrary, (|3.69() and (|3.70() are in 

{Y.ndC[x,x-\f\)[4,a^h[AB]][M,Af]. 

Furthermore, they are obviously even. 

To prove (|3.71l) . we note that using Propositions 13 . 11^1 and 13 . 2171 repeatedlv and 
by H3.65|l . we have 

F^"^°^H'i^^fr'oIoH^^l^^^Jx,f,) 



exp "E 



{B,L^,{x,ip)+M^_^G_^+^{x,M ■ (a|)2^°(--'^). 



exp(«'o2Lo(a;,^))cxp - 2^ [^jLj{x,f) + ^j_^G^_^{x,f) ] ) • (x, (/?) 
V jez+ 
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in C[a;,x^^,<y9][aQ^^,aQ ^^^][[y^,S]][Al,A/']. Using Propositions and 1^01 again, 
we see that for H{x,ip) £ C[x,x-\(p][al^^ ,aQ^^^][[A,B]][M,Af], the expressions 

exp(- {b,l^a^,v) +aa,-ig_,+.(x,vp) n • (4)2^«(--^). 

exp (^-02X0(2;, (^)) expj - ^ ["^jLjix, ^) + ^-j.i Gj_ 1 (x, </?)))• 

and 

exp (*o2io(a;, ^)) exp ^- |] {^jLj{x, (p) + 1 G^. 1 (x, (^)^ j • (a;, if) 



exist in C[a;, a; V9][ay^, Ofg ^^■^][[^, S]][A^, A/] and are equal. Thus by 
and H3.58|l . we have 

(3.74) exp I ['^^,L^,{x,f)+-^_^+iG_^+i{x,ip)]]-H{x,ip) 



exp (*o2io(.T^, • exp I - ^ ( + 1 G^_ 1 (a;, (^) J | • i/(a;, (^). 



Taking H{x,ip) to be 



exp ^ (*,Lj(x,</j) + *j_iGj_i(a;,(^)j|-(a|) 



2Lo(a;,y). 

exp ('J'o2io(x, ((f)) • Hi{x, (p) 
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where Hi is any element of C[x, x '^,ip\, equation H3.74|l becomes 
e^p(-E [A,L,{x,^)+M^_.G^_i{x,^)j^ ■ (a|)-2io(x.^). 



exp \ + ^ -3+hG_.^^._[x,^>) 



Hi{x,(f) 




exp {^Q2La{x,Lp)) ■ Hi{x,Lp). 
Since Hi is an arbitrary element of C[x, x~^ , ip], we obtain H3.71|l . □ 

Remark 3.29. The proposition above can be understood algebraically as in 
some sense establishing the relation between a "non-normally ordered" product 
(the left-hand side of (|3.71() ') and a "normally ordered" product (the right-hand 
side of (|3.71(l ) , where by "normally ordered" we mean ordered so that one first acts 
by "lowering operators" and then by "raising operators" (cf. |FL]V[| ). Thus if one 
thinks of the superderivations in H3.71|l as acting on an element in C[x~^, x,(p], then 
the operators Lj{x, ip) and Gj^i/2{x, ip) raise the degree of this element in terms of 
negative powers of x for j < and lower the degree for j > 0. The significance of 
such normal ordering is due to the fact that superconformal field theory is mainly 
interested in "positive energy representations" of the = 1 Neveu-Schwarz algebra 
(see Section 3.4 and 3.7), e.g., = 1 vertex operator superalgebras (cf. B3 ). For 
such representations, acting by an expression such as the left-hand side of (|3.71|) is 
not well defined, but acting by an expression such as the right-hand side of (|3.71|) 
is well defined. 

The identities proved in the two propositions below can be used to determine ex- 
plicitly the resulting canonical supersphere from the sewing together of two canon- 
ical superspheres in certain cases |B1| . In addition, in Section 3.6 and 3.7, we show 
that these identities give certain analogous identities for any representation of the 
N = 1 Neveu-Schwarz algebra and have certain nice properties for positive-energy 
representations . 

Let 4 

{x,0) = (H^^iy^ J^'i^,^) G {ao'x,a,^p)+xC[x,^][a~'-][[A]][M]. 
Let w be another even formal variable and p another odd formal variable, and define 

S{x,v)iw, p) = {W - X - p(p, p - p). 



^There is a misprint in IH2I in the analogous definition of the body of x in the nonsuper 



case. On p. 58 in IH2) . in defining yA,ao, the function fA,aQ in the expression is / 



(1) 

A,an 



70 3. AN ALGEBRAIC STUDY OF THE SEWING OPERATION 

Then s(^,<p) o ^ o s-(l^){aQ^w, 0^^'"^ p) is in 

wC[x, ^] [4 , "0 ^] [[^]] [M] [[w]] e pC[x, ^] [4 , a^hlA] [M] [M], 
is superconformal in {w,p), (i.e., letting D = + p-^, then Dw = pDp for 
{li, p) = S(x,(^) ° ^ ^ ° *(£^^)('*o '^0 ^^^P))' even coefBcient of the 

monomial p is an element in 

1 + xC[x][al,a-^][[A]][M] ipC[x][al ,a-^][[A]][M]. 

Let 

= ef\al,A,M,{x,ip)) e C[x,^][4,«o 
for j e |N, be defined by 

(3.75) (exp(e(^) (4 ,A,M,{x,^)),[ (4 ,A,M,ix,^)), 

Qf!,{al,A,M,{x,^))}, ^ ) 

In other words, the 6^-^^'s are determined uniquely by 




This formal power series in (w, p) gives the formal local superconformal coordi- 
nate at a puncture of the canonical supersphere obtained from the sewing together 
of two particular canonical superspheres with punctures. Specifically, this is the for- 
mal power series giving the resulting local coordinate at the n-th puncture, given 
formally by (-ff^l/2 )^^{^'- v); of the supersphere 5*1 „(X)o 5*2 with 1 + (n + 1) 
tubes obtained by sewing the supersphere 52 with 1 + 2 punctures given by 

^2 = {{z,e);I{w,p),S(^fi){w,p),{w,p)) 

to the n-th puncture of a supersphere Si with 1+n tubes where the local coordinate 
vanishing at the n-th puncture of S\ is given formally by -ff ' 1/2 {w, p) and where 

{x,ip) = {z,e). 
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Proposition 3.30. In the <C[x,ip\[ay'^ ,a^^^'^][[A\][M]-envelope of the super- 
algebra End C[w, w^""^, p], i.e., in the algebra 

C {¥.uA<C[w,w-\p\[x,^][4,a^h[A\[M]f, 

the following identity holds. ^ 
(3.76) exp(-f: Q + 



^^P(- E (ef + eW^G,_i (u;,p)) ) • exp (-Q^^hloiw, p)) 



for (i,^) = (H(V/. _^ _^)-H^,^)- 

Proof. Taylor's theorem implies that for any H{w^p) E R[[w,w^^]][p] 



exp I x-^ + ip(-^ - p-^ ) I • H{w, p) = H{w + X + pLp,p + ip), 



dw \ dp dw 



-xL-i{w,p)-^G _i{w,p) \ TT -I f \ 

e 2 H[w,p) ^ H o s^^^^^[w,p). 



^There is a misprint in the analogous nonsuper version of equation 13.761 in IH2I . Equation 
(2.2.31) in |H2] should have no oo in front of the exponential expression on the left-hand side. 
As usual, one can always obtain the nonsuper case from the super case by setting all odd formal 
variables equal to zero. 
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Thus 



= S(^^^) o h''\\^ ^^j^{aQ^ (w + X + pip), a^^ {p + (f)) 

= ° ■f^^v2 ^ ^("o + ^ + "o 'P<^ + ("cT^a:^ - x) + a^'^p{a'^^ip - ip), 

_ 1 _ 1 , 

ao V + + (ao V - <^)) 

vT^.t"! (in — (T„ ^(/i^l /' n ^ 



° ^ ^ (ao + i + ag Ofg + (p) 

exp (^{x - aQ^x)L_i{w,p) + {ip - ^ ip)G_i{w, p)j ■ 

exp (^(i - a(7^a::)L_i(u;,p) + {ip - ^ ip)G_i{w, p)j ■ 

e^pf- E (^f^L,iw,p) + ef},G^_.{w,p))\ ■ 

exp (^-e[,^^2Lo(w, p)) • (u;, p). 



On the other hand, since 



-2Lo('!i',p) . 



(w,p), 



by Proposition IH. 201 we have 
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d 



Ouq ^{x-\-w + pip) 



doiQ ^{p + ipY 
/ d 

^ da-Hp + v) 
- ao^ip + ip)—^ — ■ ; -) 



daQ {x + w + ptp) 



(ao^(a; + w + p(^),Q!o + y-)) 



S{x,<p) (^Xp 



dw 



+ ^a.->(, + ^)(x + »)^(|;-.A)) 



{X + W + p(p,p + 



Vjez+ ^ 



dw 
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(9 



m + V j + 1 / " ■'"^ 2 



9w 

Thus 



J + 1 



= exp (^{x ~ aQ^x)L^i{w, p) + [(p — ^(p)G_i{w, p)j ■ 

«^p(- E {^f^L,iw,p) + eJ/_\G^._i (u;,p)^^ • exp (-e^'^2Lo(u;, p)) • 

By ProDOsition l3.12l this equaUty imphes H,S.76|I . □ 
Let 
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Let w be another even formal variable and p another odd formal variable. Now 
write S(^x,ip)iw, p) = {—x + w — p^,p ~ 95). We will use the convention that we 
should expand {—x + w — pfY ~ {—x + wY — jp(p{—x + wy~^ in positive powers 
of the second even variable w, for j G Z (cf. |FLMj . [FHLj). Then 

s^,^^^oI-'oH^^^j^osl^^^^{w,p)ewC[x-\^m][mM]®pC[^^^^ 

is superconformal in {w,p), (i.e., letting D — + p-^, then Dw = pDp for 

{w, p) = S{^x,ip) ° ° ^BAf ° ^{itfi) ^^'^ even coefficient of the monomial 

p IS an element in 1 + x^'^C[x-'^, ip][[B]][N']. 
Let 

ef = ef\B,N, (x,^)) e C[x'\^][[B]m, 
for j e iN, be defined by 

(3.77) (exp(e[,'^(S, AA, {x, ^)), f ef (S,AA, (x, ^)), ef},{B,U, (x, ^))} ) 

(2) 

In other words, the 0^- s are determined uniquely by 

exp (^-e*)^^2Lo(«^,p)) ■ (w^p) 

. =^p( E (ef (»-'^ . (^)^'l) . ef.. (I - .^))) ^ 

exp(e?)(2»|- + .|.))^(.„.ri. 

This formal power series in [w, p) gives the formal local superconformal coordi- 
nate at a puncture of the canonical supersphere obtained from the sewing together 
of two particular canonical superspheres with punctures. Specifically, this is the 
formal power series giving the resulting local coordinate at the 1-st puncture, given 
formally by iJg o /(x, (p), of the supersphere 6*1 2000 S2 with 1 + 2 tubes obtained 
by sewing a supersphere 6*2 with 1 + 1 tubes to the 2-nd puncture of the supersphere 
Si with 1 + 2 punctures given by 

Si = {{z,0); I(w, p), S(^^^g^{w, p), {w, p)) 

where the local coordinate vanishing at the puncture at 00 of S2 is given formally 
by jij-{w, p) and where (x, tp) — (z, &). 

Proposition 3.31. In the C[x"\ </7][[S]][7V]-en?;e/ope o/End C[w,w"\/3], i.e., 
in the algebra 

((End CK p])[x-i, ^][[S]][An)° C (End CK p][x-\ (p][[6]][AA])0, 
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the following identity holds. 

(3.78) exp(f; ^ ('^^ + ^]x-^-™('(6,+2^AA^._i)l„(u;,p) 



= exp (^{x ~ x)L^i{w,p) + ((^ - ip)G^i{w,p)j ■ 

e'^pl- E (©r^.l^^^P) + 0fAG,-i(«^,P)) ) • exp [~e^^hLo{w,p)) , 

for {i,^)^{H^llr^oI{x,^). 
Proof. By Taylor's theorem 

1 ('9^1 

= S(^^,^)Ol- oH\^>^{w + X + pLp,p + Lp) 

= S(^^,^)oI- oH^^'j^{w + x + p'^+{x-x) + p{(p-0),p + ip + {ip-ip)) 

1 (9^ 

S(x,ip)°I^ °H]^.xi'^ + x + pLp,p + ^) 
= exp (^{x — x)L^i{w, p) + {(p ~ ip)G_i{w, p)j ■ 

= exp ^(i - a;)i_i(w,p) + - ip)G_i{w,p)j ■ 

(- E (ef + 0f4^^-^ -"O ) ■ 

exp (^-Q'^ghLo{'w,p)j ■ (w,p). 

On the other hand, since 

I-'oH^^^j^{w,p)^e^p(^Y. [B,L.,{w,p)+JV^_iG_^+iiw,p)^y{w,p), 
by Proposition 13.201 we have 
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S(a:,^) l^exp J2 (^j {ix + W + pip) ^ + 1 — 



d 



: + W + pip) 

+ ^ \' ^' {P + ^){x + W + pip)- 



{x + w + ptp, p + tp)\ 



-3 + 1 A. 

dw 



S{x,^) exp - ^ ( Bj (^{x + w + pip)- 

+ N,_,ix + . + P.')-- ((I - ^l) - iP + 



{x + w + pip,p + ip)\ 



= e^v\-^{Bj[{x + 'w + pip)- 



dw 



+ M^_i{x + W + p(p)~^~^^ 



-A 5 (-7 + 1) /-A d 
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Thus 



= exp(^(£-x)L_i(w,p) + (.^-.^)G'_i(w,p)) • 
^^pf- E (ef + Qf!^G^_.{w,p)y\ ■ exp (-e^'^2Lo(u;,p)) • {w,p). 

By Proposition 13. 121 this cquaUty imphes H3.76|l . □ 

3.4. The = 1 Neveu-Schwarz algebra and a representation in terms of 

superderivations 

Let denote the Virasoro algebra with central charge d, basis consisting of the 
central element d and L„, for n G Z, and commutation relations 

(3.79) [Ljn, Ln] = (to - n)Ljn+n + ]^("^^ ~ m)6m+n,o d, 

for TO, n e Z. Consider the = 1 Neveu-Schwarz Lie superalgebra ns which 
is a super-extension of by the odd elements Gn+1/2, for n S Z, such that riB 
has a basis consisting of the central element d, L„, and G„_|_i/2, for n € Z, with 
supercommutation relations 



m+n+- 



(3.80) [G„+|,L„] - (m-^)G„ 

(3.81) [G„+i,G„_i] = 2L™+„ + i(m^ + to)(5™+„^o 

22 J 

in addition to H3.79|l . 

It is easy to check that the superderivations in Der(C[x, x~^,Lp]) given by (j3.9|l 
and H3.1()|l . i.e., the superderivations 

(3.82) L„(x,^) = -(j:^^+^^ + (!l±l)^^nd 



dx V 2 / dif 



(3.83) G„_.(^,^) = -."(^^-^^ 
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for n g Z, satisfy the = 1 Neveu-Schwarz relations H3.79(l - H3.81|l with central 
charge zero (cf. |Bc2j V 

Let be a Z2-graded vector space over C such that dimVF^ = 1 and dimVF" = 
2. Recall the classical Lie superalgebraospc(l| 2) (cf. K ) the orthogonal-svmplectic 
superalgebra 

' ■ ^ ^ ^ 

a, b, c, d,p,q e 




0spc(l|2)= <( \ q a b \ e0[c(l|2) 

which is the subalgebra of 0[c(l|2) leaving the non-degenerate form (3 on W given 
/ 1 \ 

by 1 invariant, meaning /3(Xw,u) + = for 

Vo -1 0/ 

^ £ 0'c(l|2)7 u,v e W, and X and u homogeneous. The subalgebra of ns given by 
spanf^{L±i, Lo,G±i/2} is isomorphic to ospc(l|2). The correspondence 

_d_ 

1 / " " " \ f d \ d 
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-1 









^ I n n — 1 i \^ dx 2^ dtp 



2 5 . d 



ox dip 



d d 



dip ^ dx 



d__ d_ 

dip ^ dx 



defines a Lie superalgebra isomorphism between ospc(l|2) and the Lie superalgebra 
generated by i±i(a:, ip), Lo(x, ip), G±i/2ix, ip). Let y be an even formal variable and 
^ an odd formal variable. Letting X denote each of the five matrices above, we 
observe that 




1 

















y 

e 2 







1 


•) 










^0 


y 





1 -i ( 

1 ( 

e : 

respectively. These are all elements in the connected component of the Lie su- 
pergroup OSP{\\2) containing the identity with matrix elements in C[[2/]][^], and 
hence have superdeterniinant 1, where the superdeterminant is defined as 

sdet ( ^ ^ ) = dct(A - BD~^C){delD)-^ 
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(cf. [D], jCRj ). (In our case, A is a one- by-one matrix, B is two-by-one, C is 
one-by-two, and D is two-by-two.) In fact, for R a superalgebra with y £ and 
^ G R^, the five matrices above generate the connected component of OSPr{1\2) 
containing the identity. Denote this group by G. 

G acts on an even and an odd formal variable by the superprojective transfor- 
mations, i.e, for g = e~y-^ and g = e"^"''" above, we have 

(3.84) g-{x,ip) = {x + y,ip), (e^x,e^V9), { , (^-^ — ) 

W — yx 1 — yx/ 



{x + ip£_,S, + f), {x + ip£_x,^x + (f), 

respectively. These generate the supergroup of superprojective transformations 
which is the group of global superconformal automorphisms of the super-Riemann 
sphere studied in Chapter 2. 

Thus, ospc(l|2) is the superalgebra of infinitesimal superprojective transforma- 
tions. Note that for the representative elements L(±l), L(0), G(±l/2), we have 







= {x + y,f), 






= {e^x,e^ip), 






- (/ ) 
\l ~ yx 1 — yxJ 




e-«G(-i) 






e-«G(i) 


{x,^) 


= {X + Lp£,X,ix + Lp), 



as expected. 



3.5. Modules for the iV = 1 Neveu-Schwarz algebra 

Let ns denote the = 1 Neveu-Schwarz algebra defined above. For any rep- 
resentation of ns, we shall use L{m), G{m — 1/2) and c S C to denote the repre- 
sentation images of Lm, Gm-1/2 and d, respectively. We can think of the identities 
proved in Section 3.3 as identities for the representation of ns given by (|3.82l) . (|3.83|) 
and c — Q. We want to prove the corresponding identities for any representation of 
ns and then we will want to prove additional properties related to these identities 
for certain representations of ns. We do this by first proving the identities in a 
certain extension of the universal enveloping algebra of ns. This extension must be 
one such that terms such as (i^/^)'^^°, for any formal variable i^/"^ and k € 2Z\{0}, 
can be well defined. 

Consider the two subalgebras of ns 

ns+ = 0CL„ffi0CG„„i, 
ns_ = CL„® CG„+i. 

Let U (ns_ ) be the universal enveloping algebra of the Lie algebra ns_ . For any 
h,c e C, the Verma module M{c,h) (cf. |KWp for ns is a free J7(ns_)-module 
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generated by an element lc,h such that 

ns+lc,h = 0, 
L{0)^c,h = hlc,h, 

dlc,h = Clc,h- 

Let 

(3.85) v= U y(n) 

be a module for ns of central charge c € C (i.e., dv = cv for v G V) such that for 

(3.86) L{0)v = nv. 

Let P(n) be the projection from V to V(„). For any formal variable t^^"^ and 
kG2Z\ {0}, we define (fi/2)fei(o) g {EndV)[[t^/^ ,t-^^^]] by 

for I) e V(„) , or equivalently 

(^i)feL(O)^^ ^ P(n)(i5)fe"t; 

for any v € V. 

Let Vp be a vector space over C with basis {P„ | n G |Z}. Let T(ns® Vp) be 
the tensor algebra generated by the direct sum of ns and Vp, and let T be the ideal 
of T(ns ® Vp) generated by 

G„+i (g)G„_i (g)G„+i - [G„+i,G„_i], Ln®d-d®Ln, 

Gm-^ 'Sid - diSl G^_i, Pi (g) Pj - SijPi, Pi®Lm-Lm® Pi+m, 

0Pj+„_i, PiSd-dSPi I m,neZ, z,j e iz}. 

Then L''p(ns) = T(ns ® Vp)/I is an associative superalgebra and the universal 
enveloping algebra U (ns) of the Neveu-Schwarz algebra is a subalgebra. Linearly 
[/p(ns) = U{ns) ® Vp. 

For any even formal variable t^/'^ and fc e 2Z \ {0}, we define 

Then for fc, n e 2Z \ {0}, and m e Z, 

(t^)'=^"L„ = L„(t^)-'="(i^)'=^«, 
(t5)fci'0G„_i = G„_i(i^)-'=('"-^)i'=^°, 

and (ti/2)'^-f'o commutes with rf. 

The following proposition is proved similarly to that for the universal enveloping 
algebra of a Lie algebra. 
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Proposition 3.32. Let V be a module for ns of the form I'l S5\) such that k8.8f)]) 
holds. Then there is a unique algebra homomorphism from U p (ns) to End V such 
thatLj, Gj_i/2, d and Pn are mapped to L{j), G(j — 1/2), c and P{n), respectively, 
for J € Z and n G ^Z. 

If 

V(„) = for n sufficiently small, 

then we say that y is a positive energy module for the Neveu-Schwarz algebra 
and that the corresponding representation is a positive energy representation of the 
Neveu-Schwarz algebra. 

The Verma module M(c, h) with central charge c € C generated from a lowest 
weight vector Ic^h with weight /i € Z is an example of a positive energy represen- 
tation of the Neveu-Schwarz algebra as is an TV = 1 vertex operator superalgebra 
(see [KW) . 

3.6. Realizations of the sewing identities for general representations of 
the = 1 Neveu-Schwarz algebra 

As mentioned before, the identities proved in Section 3.3 can be thought of as 
identities for the representation of the Neveu-Schwarz algebra on C[x, , ip] given 
by H3.82|l . (|3.83|l and c — 0. We now want to prove the corresponding identities 
for any representation of the = 1 Neveu-Schwarz algebra. Since in general, the 
central charge c will not be zero, we will have an extra term in these identities 
involving c. We first prove the identities for Up{ns) defined in Section 3.5. 

Proposition 3.33. Let A and B be two sequences of even formal variables, 

1/2 

M and M two sequences of odd formal variables, another even formal vari- 

able, and j,"^ j_i/2), for j € Z, the canonical sequence of formal series given by 
Provosition \H. 2^ There exists a unique canonical formal series 

T^T{al,A,M,B,U)e{C[4,a-mAB]][M,Af]f 

such that 



12 



(3.87) r = ^ ( ( l^\a-=A,B, + 



3-Z 



where Pq contains only terms with total degree at least three in the Aj 's, A^j_x/2 's, 
Bj 's, and Afj -1/2 's for j G Z_|_ with each term containing at least one of the Aj 's 
or Aij-i/2 's and at least one of the Bj 's or N'j^i/2 's such that in ^ 

{Up{n5)[al,ao^][[A,B]][M,Af])°, 
i.e., in the C[al^^,aQ^^^][[A,B]][M,M]-envelope ofUp(ns), we have 
(3.88) (^|)-2Lo ^-i:..z,(«.^-.+AA^-.G,,,.) 



''There is a misprint in the analogous nonsuper case to this proposition given in IH2I . In 
Proposition 4.2.1 in IH2I . the equahty (4.2.2) (which is the nonsuper part of formula 13.881 ') takes 
place in TZu = Uu{Z)[oo, o:q^][[A, B]], not TZ = U{Z)[a(j,ag^][[A,B]] as stated. Huang's TZu is 
equivalent to our C/p(o)[ao, ^] [[A B]] C {Up{ns)[al^^ ,a~^^\lA, B]]IM,JV])° . 
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Proof. We use Huang's proof of Proposition 4.2.1 in (H2] generalized to the 
present situation. The idea is to use the Campbell-Baker-Hausdorff formula and 
compare the result with H3.71|l . However one must first establish the appropriate 
algebraic setting in which the Campbell-Baker-Hausdorff formula holds rigorously. 
Let C be a sequence of even formal variables, O a sequence of odd formal vari- 
ables and Co another even formal variable. Let W be the Z2-graded vector space 
ns[ay^,Q!(5'^^^][[y^,S,C,Co]][7W,A/',C']. Consider the subspace V spanned by the 
elements 

La^-Y^ AjL-j, Lb = -Y^ a^^BjL^^, Lc = C^Lj, 

Lco = - CqLo, Lm = - ^ Mj_iGj_i, La/- = - ^ a^^^ ^ Uj_.iG_^^i, 
and 

Then V C W^, i.e., V contains only even elements. In other words, letting R = 
Qlay^ ,a~^''^][[A,B,C,Co]][M,U ,0], then V is in the i?-envelope of ns which is 
a Lie algebra; see Remarks 12.11 and 13.71 Thus the same procedure used to prove 
Proposition 4.2.1 in H2 is valid for V where we simply use ProDOsition l3 . 28l instead 
of Huang's Proposition 2.2.5 in H2 , and the Neveu-Schwarz algebra relations and 
corresponding universal enveloping algebra instead of just the Virasoro algebra 
relations and corresponding universal enveloping algebra. □ 

Remark 3.34. Note that we used Proposition 13 . 28l to prove Proposition 13.331 
above. In BHL , we give a more straightforward and Lie-theoretic proof of Proposi- 
tion l3.3Jl bv proving a certain bijectivity property for the Campbell-Baker-Hausdorff 
formula in the theory of Lie algebras. This allows us to prove Proposition 13. 3 Jl di- 
rectly for the Neveu-Schwarz algebra rather than go through the representation in 
terms of superderivations and then lift to the Lie algebra as we have done above. 

Let V = Urieiz^C") ^ module for the Neveu-Schwarz algebra, and let 
G{j — 1/2) e End V and c € C be the representation images of Lj, 
and d, respectively, such that for v e ^(n)j L{0)v = nv. Combining Propositions 
13.321 and 13.331 we have the following corollary. 

Corollary 3.35. In the C[al^'^ , a'„^^'^][[A, B]][M,Ar\- envelope of End V, i.e., 
in ((End V)[al^^ ,aQ^^^][[A,B]][M,M])" , we have 

(3.89) 

g-i:,«+('4.iW+A1,„iG0--i)) (^|)-2L(0) . g-i:,.z+(6.i(-j)+Ar,._iG(-j + i)) 

^ gE,ez+(*-.i(-j)+*-,+ iG(-j+i)) _ gi:,,.+ (*.iO)+*,_iGO-i))^ 

.g2*oL(0).(^|)-2L(0).grc^ 

We also have the following two propositions and corollaries corresponding to 
the identities l|X7Sj) and (|T7S|) . 
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Proposition 3.36. Let w be another formal even variable and p be another 
formal odd variable, and for j g ^N, let Q^j^"^ = Q^j^\aQ^^ , A,M, {x, ip)) be the 

sequence of formal series in C[x, ip\[aQ^^ , aQ^^^][[A]][Ai] given by jj'. 75| ). Then in 
{U{ns)[x,if][al^^,ao^^\A]][M])°, we have 



exp 



Proof. The proof is the same as that for ProDOsition l3.33l except that in this 
case we only consider the subalgebra with basis Lj, Gj+1/2, for j > — 1 and use 
Proposition 13 . 301 instead of Proposition l3.28l □ 

From Propositions 13.321 and 13. 3'Hl we have the following corollary. 

Corollary 3.37. In {{EiidV)[x,ip][al^^ ,ag^^^][[A]][M])'^ , we have 



(3.90) exp 



J + 1 

771 + 1 



^g(-2e<i)L(0)) 

for {x,^)^iH^^,y^ J-'{x,^). 

Proposition 3.38. For j e ^N, let of^ = ef\B,Af,{x,ip)) be the sequence 
of formal series in C[x~^ , ip][[B]][JV] given by J.^. y?| ). Then in 

iuinB)[x-\^]mmr, 

we have 



m=-li(EZ+ 
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where {x, ip) — {H^]^)^^ o /(x, (p) is given by l^!^.5U\) . 

Proof. The proof is the same as that for Proposition 13 .331 except that in this 
case we only consider the subalgebra with basis Lj, for j > — 1 and use 

Proposition 13 . 3 II instead of Proposition |^2H1 D 

From Propositions \'3.'6'3 and 13 .3'51 we have the following corollary. 
Corollary 3.39. In {{EndV)[x-'^,ip][[B]][N']f, we have 

(3.91) exp(f; E (;'+i)-~''"((^.+2v'A/;-i)i(m) 

^ ^((.-.)L(-i)+(^-^)G(-i)) .^(-S.e.+ (ef'i^OHef_),GO-i))) ^ ^(_2e<^)z.(o)) ^ 
for (i,^) = (ff^']^)-io/(x,(^). 

3.7. The corresponding identities for positive-energy representations of 
the = 1 Neveu-Schwarz algebra 

Using positive-energy representations of the Neveu-Schwarz algebra, we study 
the formal series P, VP^-, for j G ^Z, and oj^'' and O^^"*, for j G ^N, and will see that 
for these representations the identities (|3.89|) . (|3.9U|I and H3.91|l become identities 
containing only a finite number of formal variables. 

Proposition 3.40. The formal series 'i'j, for j G ^Z, and P are actually in 

Proof. Using the Verma modules M(c, h) defined in Section 3.5 and Corollary 
13.351 the proof is completely analogous to the proof of Lemma 4.3.1 in |H2) . □ 

We have the following immediate corollary of Proposition 13.401 

Corollary 3.41. Let {A,AI) and {B,N) be two sequences in /\^; let «□ G 
(A*)^/ '^''^d. lett^/"^ be an even formal variable. Then 'i'j{t^^^^au,A,M,B,N), for 
j G and T{t^^/^an, A, M, B, N) are well defined and belong to A*[[^^^^]]- 

Proposition 3.42. Let {A,M), {B,N), and t^/'^ be as in Corollary \3.41\ 
and let V be a positive-energy module for the Neveu-Schwarz algebra. Then the 
following identity holds in (End (A* ®cV"))°[[<^/^]]. 

(3.92) . (t~ha^r^^(^). 
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^ ^i:,ej^(*-,(t-ian,A,M,S,JV)L(-j)+*_^.^i(t-5an,A,M,i3,A')G(-j + i))^ 
, j:^^^^i^j(t-iaa,A,M,B,N)L(j)+'b^_iit-iaa,A,Ai,B,N)GU-i}) ^ 

. g2*o(*"3an,^:M,S,JV)L(0) . ^^-^^^y2L(0) , ^r(t-i aa^A,M,B,N)c 

Proof. Since y is a positive energy module for ns and by Corollary 13. 411 

^j{t-iaa,A,M,B,N), r{t-ian,A,M,B,N) £ AJ[ti]], 

for j e iZ, both the right-hand side and the left-hand side of 1)3. 92|) are well-defined 
elements in ((End (/\^ '^cV))[[t^^^]]f ■ Then by CoroUaryESS they are equal. □ 

Proposition 3.43. The formal series Qf \t''^^^al^'^ , A, {x, (p)), for j e 
iN, are m C[x,^][A][M][a^^^^][[t^^^]]. ^ 

Proof. The proof is analogous to the proof of Proposition l3.4Ul except that 
we use Corollary 13.371 instead of Corollary 13. 351 □ 

We haye the following immediate corollary of Propositions 13. 4lil 

Corollary 3.44. Let an e (A*)""; and let (A,M) G AIT- The series 

ef\t--^aa,A,M, (x,^)), 

forj G ^N, are well defined and belong to /\^[x, (p][[t^^'^]]. ^ 

Let (i(ti/2),(p(ti/2)) ^ hI]_\^^^^^^ j^^{x,lp) where h'^\]^ ^ ^{x, Lp) is giyen by 

Proposition 3.45. Let an e (A*)^; {A, M) e AT/ ^"•'^ V be a positive- 
energy module for the N = 1 Neveu-Schwarz algebra. Then in 

((End (A,®c V))[[t^[[x,x-%p]f, 

the following identity holds for Q^j^'' = B^j^'' (t^^^'^a^, A, M, (x, (/?)). 

(3.93) exp(-f: Ci + i)^^""'^^"'" 

+ ( (i^) t- + A,) G(^ + i)) ) 



There is a misprint in the analogous nonsuper case of Proposition 13.4.^ given in lH2l . The 
series ef{A,t-'^,ao,y) of Lemma 4.3.4 in ITI2I are elements in C[y] [^] [qq ^] [[i]], not C[?;] [^] [[t]] 
as stated. 

There is a misprint in the analogous nonsuper case of Corollary KM in lH2l . Corollary 
4.3.7 in IH2I should state that the (A, t-lflo , y), for j e N, belong to C[?/][[i]], i.e., ao G 
and Aj £ C, for j G Z+, with A = {^j}jgz^ should be substituted for the formal variables ao 
and Aj in @j{A,t~^ao,y) in the corollary. 
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= exp (^(i(t^) - ta^''x)L{-l) + {^{ti) - th^^ip)G{-^) 

V jez+ ^ / 

Proof. Since y is a positive energy module for ns and by Corollary 13. 441 

for j E iN, both the right-hand side and the left-hand side of (|3.93l) are well-defined 
elements in ((End (A* «)cl^))[[i^/^]][[x,x-i]][(p])0. Then by CoroUaryESZI they are 
equal. □ 

Proposition 3.46. The formal series o'f'' i{t''Bk, t''^^^'^J^k~i/2}kez+ , (a;, (f)), 
forj e iN, are in C[x-\(p][B][Af][[t^^^]]. 

Proof. The proof is analogous to the proof of Proposition 13.401 except that 
we use Corollary 13.391 instead of Corollary 13. 351 □ 

We haye the following immediate corollary of Proposition 13.461 

Corollary 3.47. Let {B,N) e /\'^. The series 

are well defined and belong to /\^[x^^ ,(p][[t^^^]]. 

Let (i(tV2),^(ii/2)) ^ (i?{?]^^,,_v.^,_,,,},,,^)-^°^(^.^) where (<i,)-io 
I{x, ip) is giyen by H3.50|l . 

Proposition 3.48. Let {B,N) e f\'^ , and let V be a positive- energy module 
for the N ^ 1 Neveu-Schwarz algebra. In ((End {/\^(g>cV))[[t^/'^]][[x,x-^]][ip])° , 
the following identity holds for 6^^' = &f\{t''Bk,t''^^/'^Nk-i/2}k£Z+, {x,ip))- 

(3.94) exp(f; ^ ^^■ + ^)x-^-™((i^S,+2^t^-^iV,_.)L(™) 

+ {t^-^N^^.+px-'tl_^t^B,)G{m+\)^'^ 

= exp ({i{ti) ~ x)L{-V) + m^) - V)G{~\) 

exp(- ^ (ef i(j) + ef \g(j - i))) • exp (-2e[,^)i(0)) . 
Proof. Since y is a positiye energy module for ns and by Corollary 13. 471 

ef ({t'=i?,,t^-^7Vfe_i},a+,(x,vp)) e AJ^^\^][[i^]], 

for i E iN, both the right-hand side and the left-hand side of (|3.94|) are well-defined 
elements in ((End {/\^ (E)cV))[[t^/'^]][[x,x-^]][(f] f . Then by CoroUaryESHl they are 
equal. □ 



CHAPTER 4 



An analytic study of the sewing operation 

In this chapter, we study the moduh space of iV — 1 superspheres with tubes 
and the sewing operation using the formal calculus developed in Chapter 3. We give 
a reformulation of the moduli space and a more explicit description of the sewing 
operation on this space including a solution to the sewing equation and normaliza- 
tion and boundary conditions. We prove the analyticity and convergence of certain 
infinite series arising from the sewing operation. We define a bracket operation on 
the N — 1 supermeromorphic tangent space of the moduli space of superspheres 
with tubes at the identity element and show that this gives a representation of the 
= 1 Neveu-Schwarz algebra with central charge zero. 

This chapter is organized as follows. In Section 4.1, using the characterization of 
local superconformal coordinates in terms of exponentials of certain infinite sums 
of superderivations proved in Chapter 3, we show that a canonical supersphere 
with tubes can be identified with certain data concerning the punctures and the 
coefficients of the infinite sums of superderivations appearing in the expressions 
for the local coordinates. Thus we can identify the moduli space of superspheres 
with tubes with the set of this data. In Section 4.2, we introduce an action of the 
symmetric group on n letters on the moduli space of superspheres with 1 + n tubes. 
This action is used in jBl| and is a property needed to show that the moduli space 
with the sewing operation is a partial operad; see Remark 14.41 

In Section 4.3, we define supermeromorphic functions on the moduli space. 
We show in |B1| . that such functions include the rational function counterparts 
to correlation functions for an TV = 1 Neveu-Schwarz vertex operator superalgebra 
with odd formal variables jB3j . Using this notion of supermeromorphic function, 
we define the supermeromorphic tangent space of the moduli space. We show 
that any supermeromorphic tangent vector can be expressed as an infinite sum of 
supermeromorphic tangent vectors tangent to the coordinate system of the moduli 
space defined by the characterization of the moduli space obtained in Section 4.1. 

In Section 4.4, we show that any clement of the moduli space can be obtained 
from three types of elements with one, two and three tubes, respectively. We study 
some simple sewings with such elements, and show that the partial monoid of the 
moduli space of 1 -t- 1 tubes has two subgroups which are of interest. Then we 
study a certain linear functional in the supermeromorphic tangent space at the 
identity of the moduli space of superspheres with 1-1-1 tubes. The results of this 
section are used in |B1| and are in fact geometric versions of certain axioms for 
an A'' = 1 vertex operator superalgebra B3 , namely: associativity; the fact that 
the A^ = 1 vertex operator associated with the special element t is equal to the 
formal series with coefficients satisfying the Neveu-Schwarz algebra relations; and 
the G(— l/2)-derivative property. 
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In Section 4.5, we introduce generalized superspheres with tubes which are 
formal analogues of superspheres with tubes in that, in general, the local coordinates 
are not necessarily convergent power series. We define two subsets of the moduli 
space of generalized superspheres with 1 + 1 tubes and show that they both have 
group structures which are isomorphic to the structures discussed in Chapter 3. 

In Section 4.6, we give a more detailed description of the sewing operation by 
giving a more explicit formula for obtaining a canonical supersphere with tubes 
from the sewing of two canonical superspheres with tubes. This involves giving an 
explicit description of the transformation from the sewn superspheres to a canonical 
supersphere. This transformation consists of the uniformizing function taking the 
sewn superspheres to a super-Riemann sphere and a superprojective transforma- 
tion taking this supcr-Ricmann sphere to a canonical supersphere with tubes. The 
uniformizing component of this transformation satisfies the sewing equation, nor- 
malization conditions and boundary conditions introduced in Chapter 2 and studied 
formally in Chapter 3. We show that the expansions of the two halves F^^^ and 
i^^^^ of this uniformizing function as formal series in terms of the local coordinate 
charts correspond to the formal series F'-^-' o S(z.,e.) and F'-^-' with F'^^^ and F'^' 
given explicitly by Theorem l3.26l equations 13.64|l and H3.65(l and ProDOsition l3.28l 
Thus in order to prove the analyticity and convergence of this expansion, we need 
only prove the analyticity and convergence of the series 'i'j{t~^^^an,A,M,B,N), 
for j G iZ, arising algebraically from the sewing equation. 

Following H2 , we prove the analyticity of the series 
for j G iZ, by deforming one of the superspheres being sewn and then using the 
Fischer- Grauert Theorem in the deformation theory of complex manifolds to show 
the moduli space is locally trivial under this deformation. However this theorem 
only holds for finite-dimensional, compact complex manifolds, e.g., the body of 
a supersphere, whereas super-Riemann surfaces over /\^ are infinite-dimensional, 
non-compact complex manifolds. In fact they are fiber bundles over the body with 
fiber isomorphic to (Aoo)s'- Therefore, we define two families of global sections of 
our supersphere which cover the supersphere. Each section is complex analytically 
isomorphic to the body, i.e., to a Riemann sphere. We then use the Fischer- Grauert 
Theorem for each section which allows us to prove that the uniformizing function 
on each section of the deformed supersphere is analytic in the deformation variable 
t^/^. Since the two families of sections completely cover the supersphere, this proves 
the analyticity of the uniformizing function, which in turn allows us to prove the 
analyticity and convergence of the series '$j{t^^^^au,A,M,B,N), for j g ^Z and 
t^/^ £ C with < 1. This result shows that when two canonical superspheres 

can be sewn, the uniformizing function studied algebraically in Chapter 3 converges 
and is equal to the geometric uniformizing transformation taking the resulting sewn 
superspheres to a super-Riemann sphere. This proof of Proposition l4.19l is different 
and more concise in its use of the underlying geometry than the proof originally 
given in jBlj . 

In Section 4.7, we define a bracket operation on the supermeromorphic tangent 
space of the moduli space of superspheres with tubes at the identity element and 
show that this gives a representation of the N = 1 Neveu-Schwarz algebra with 
central charge zero. In proving the = 1 Neveu-Schwarz algebra relations for this 
bracket operation, we use the information about the lower order terms in the solu- 
tion to the sewing equation given formally in Theorem 13. 261 and Proposition 13 . 28l 
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In defining the bracket relations we see that the definition is not as straightforward 
as on might initially expect it to be. This is related to the fact that the diffeomor- 
phism group of the circle does not have a Lie group complexification, i.e, on the 
nonsuper level of the Virasoro Lie algebra, there is no corresponding complex Lie 
group (cf. [T]). 

4.1. A reformulation of the moduli space of superspheres with tubes 

Let 

Ti. = {{A, M) e I E{A, M) is an absolutely convergent power series 

in some neighborhood of O}, 

and for n G Z4- , let 

5Af"-i = {((zi,0i),...,(z„„i,0„_i)) I (z„^?,)eAi, {z,)b^{z,)b, forz^j}. 

Note that for n = 1, the set SM^ has exactly one element. 

For any supersphere with 1 + n tubes, we can write the power series expansion 
of the local coordinate at the i-th puncture {zi,9i), for i ~ 1, ...,rt, as 



H,iw,p) = exp(-^ (A«i,(a:,^)+Af«,G,._i)) 



{x,ip) — (w-'Zi~p6i,p—0i) 



for («□'', y4 M*^*') S (AIo)^ ^ '^^^ write the power series expansion of 

the local coordinate at 00 as 



Ho{w, p) = exp UfL^jiw, p) + Mf\G_.^+. {w, p) 



1 ip 
w ' w 



= ^(A(o),-*M(o))fi,^) 
\w w J 

for (A(°),-iM(o)) e n. But (A(o),-iAf(o)) e n if and only if (AW,M(o)) G H. 
Thus we have the following proposition. 

Proposition 4.1. r/ie moduli space of superspheres with 1 + n tubes, for n e 
Z-|_, can be identified with the set 

(4.1) SKin) = 5Af"-i x x ((AL)'^ x H)". 

For superspheres with one tube, we have: 

Proposition 4.2. The moduli space of superspheres with one tube can be iden- 
tified with the set 

SK{0) = {{A,M) e n I (Ai,Mi) = (0,0)}. 

By Propositions 14. II and 14.21 we can identify SK{n) with the moduli space of 
superspheres with 1 + n tubes for n e N, and the set 

SK^\J SK{n) 
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can be identified with the moduH space of superspheres with tubes. The actual 
elements of SK give the data for a canonical supersphere representative of a given 
equivalence class of superspheres with tubes modulo superconformal equivalence. 
From now on it will be convenient to refer to SK as the moduli space of superspheres 
with tubes. Any element of SK{n), for n e Z-|_, can be written as 

((zi,0i),...,(z„_i,0„_i);(A(«),M(°)),(aW,A«,MW),...,(a(r\A("),Af^^^ 

where (zi, 6li), (z„_i, 6i„_i) e SM''-\ {A^°\m(°^) e and 

(a«,^W,MW),...,(a("\^("),M("))e(A°oo)' x7^. 

Thus for an element Q e SK, we can think of Q as consisting of the above data, 
or as being a canonical supersphere with tubes corresponding to that data. 

In Chapter 2 we introduced the sewing operation for superspheres with tubes. 
This gave rise to the sewing equation (|2.49|l . normalization conditions 1)2.51(1 - 
(I2.53|l and boundary conditions H2.54|l - (|2.57ll derived from taking two canonical 
superspheres with tubes, sewing them together and looking at the uniformizing 
function which maps the resulting supersphere to a super-Riemann sphere. This 
resulting super-Riemann sphere is then superconformal to a canonical supersphere, 
i.e., an element in SK, via a superprojective transformation. 

Thus for any n G Z-|_, to G N, and any positive integer i < n, the sewing 
operation for superspheres with tubes defined in Chapter 2 induces an operation 
iOOo : SK(n) x SK{m) SK{n + m— 1). We will still call it the sewing operation, 
and as in |lj,2 , we will use the notation iOOo first introduced by Vafa [V] to denote 
the sewing, although now we use it to denote the sewing operation on SK. Recall 
that given two elements Qi and Q2 of SK, it may not be possible to sew the i-th 
puncture of Qi with the 0-th puncture of Q2 without rescaling the local coordinate 
map of Qi at its i-th puncture. 

The element of Ti. with all components equal to will be denoted by (0, 0) or 
just 0. Note that in terms of the chart {Ua, A) of SC, the local coordinate chart 
corresponding to (1, 0, 0) e (Aoc)^ x 7^ is the identity map on /\^ if the puncture 
is at 0, is the shift S(2. p) — {w — Zi — pOt, p — Oi) if the puncture is at {zi, 9i), 

and is I{w,p) = {l/w,ip/w) if the puncture is at 00. We will sometimes refer to 
such coordinates as standard local coordinates. 

Using the definition of sewing from Chapter 2, we see that SK has a unit e 
under the sewing operation 

(4.2) e=(0,(l,0))e5i^(l) 

in the sense that for Q G SK{n) and < i < n, the i-th puncture of Q can always 
be sewn with the 0-th puncture of e, the first puncture of e can always be sewn 
with the 0-th puncture of Q, and we have 

Q iOOq e — Q, e icx^o Q — Q. 

From the geometry of sewing, the following associativity of the sewing operation 
is obvious. 

Proposition 4.3. Let I e Z+ and m, n e N such that ^ + to - 1 e Z+ , and let 
Qi e SK{1), Q2 G SK{m), Q3 € SK{n), and i,j G Z+ such that 1 < i < I, and 
l<j<l + m— I. The iterated sewings {Qi iOOQ Q2) jOOq Qa exist if and only if 
one of the following holds: 
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(i) j < i and the sewings [Qi jooo Q3) i+„-iooo Q2 exist, in which case 

[Qi lOOo Q2) ]OOq Q3 = {Qi jooo Q3) i+n-iooQ Q2; 

(ii) j > i + m and the sewings {Qi j-m+iooo Q3) jOOo Q2 exist, in which case 

{Ql iOOo Q2) jOOo Q3 = (Ql j-m+lOOo Qs) jOOq Q2\ 

or 

(Hi) i < j < i + m and the sewings Qi iOOQ {Q2 j-i+iooo Q3) exist, in which 

case 

[Ql iooo Q2) jOOq Qa = Ql ..cx^o {Q2 j-i+iooo Qa)- 

4.2. An action of the symmetric group Sn on the moduli space SK{n) 

Let Sn be the group of permutations on n letters, for n G Z+. There is a 
natural (right) action of Sn-i on SK(n) defined by permuting the ordering on the 
first n—1 positively oriented punctures and their local coordinates. More explicitly, 
for cr G Sn-i, and Q g SK(n) given by 

Q = ((zi, (z„.i, M(«)), (aW, ^(1), mW), (a(r\ ^("), M 

we define 

Q'^ = 0,-1(1)),.. .,(z,-i(„_i),0,-i(„_i));(AW,M(")), 

(a^i'^"^^", ^(-"'(1)), M(-"'(i»), (a^'^"^"-^", ^(-"'("-D), M(-"'("-i))) 

(a^"\yl("\M("))). 

To extend this to a right action of S'„ on SK(n), we first note that Sn is gener- 
ated by the symmetric group on the first n—1 letters 5,1-1 and the transposition 
(n ~ 1 n). We can let {n ~ 1 n) act on SK{n) by permuting the (n — l)-st and 
n-th punctures and their local coordinates for a canonical supersphere with 1 + n 
tubes but the resulting supersphere with 1 + 71 tubes is not canonical. To obtain 
the superconformally equivalent canonical supersphere, we have to translate the 
new n-th puncture to 0. This translation will not change the local coordinates at 
positively oriented punctures but will change the local coordinates at the negatively 
oriented puncture 00. This translation is given by 

7a : Aoo — ' Aoo 

{w,p) {w ~ Zn-l- p9n-l,p-0n-l), 

and thus by ifT^ . we have T : St ^ St given by 

, / A-iorAoA(p) ifpeC/A, 

nP)-^ T-ioTxoT(p) ifpe[/^xT-i({(^)B}x (A^)s) 
where 

w ip9n~iw iOn-lW p 



Ty = 



1-WZn-l (1 - WZ„_i)2 ' 1 - wz„_i 1-WZn^l, 

The new local coordinate at infinity can be written as E{A'^°\-iM'^°'^){l/w,ip/w), 
and it is determined by the old local coordinate at infinity and the superprojective 
transformation T via 

, -iM^°y)( = E{A^°^ , -zM(o)) o / o T7\w, p). 
\w w J 
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Using Proposition l^ni we have 

(4.3) ^(i(o),_zA/(o))fi,^) 
v w w J 




= exp (-z„_ii_i(w,p) - 6'„_iG'_i ) • 




Then 

71 — 1 n) 

= (oo, (zi, (z„_2, ^„-2), 0, (z„_i, 0„_i); M(")), (a^:^), M(i)), 

(a^"-'\ ^,^(„-2))^ (a(;'\ M(")), (a^"-^\ ^("-i), M^""!))) 

(z„_2 - z„-i - ^?„-2f?„-i, e„-2 - (-2„-i, 0; M(")), 

(a^^\ ^(1), M(i)), (a(:"-2\ ^,^(n-2))^ (a(r\ A^"), M^")), 

Thus we have an action of Sn on SK{n). 



Remark 4.4. The moduU space of = 1 superspheres with tubes, SK, along 
with the sewing operation and the action of the symmetric group defined above, is 
an example of a partial operad (cf. |Mj, |HL2j . |HL3| . [H2]V 
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4.3. Supermeromorphic superfunctions on SK and supermeromorphic 

tangent spaces of SK 

A supermeromorphic superfunction on SK{n), for n G Z+, is a superfunction 
F : SK{n) of the form 

(4.4) FiQ) = F((zi,0i),...,(z„_i,0„_i);(A(o),M(")),(aW,yl(i),M(i)),..., 

(a^"',A("),M("))) 
= Fo((zi, (z„_i, 0„_i); M(°)), (a^:^), ^(1), m(i)), 

(a(,"\ A("),M("))) X fflzr^ n - - W-'") 

where Si and s^j are nonnegative integers and 
^^o((^i, (AW, M(o)), (a«, M(i)), (a(r\ M 

is a polynomial in the z^'s, 6'i's, ag'''s, (ag'')~-'^'s, Aj''''s, and Mj^j^^^'s- For n = 
a supermeromorphic superfunction on SK(0) is a polynomial in the components of 
elements of SK{0), i.e., a polynomial in the A^j^'^'s, and Mj'j'j^^2's- For F of the 
form (|4.4I) . we say that F has a pole of order Sij at (z^, 0^) = (zj, 9j). 

Since (z^ — Zj — 9i9j)~^^^ = {zi — Zj)~^^^ + Sij6i9j{zi — Zj)~'''^~^, we can expand 
(|4.4(l to be of the form 

(4.5) Fo((^i, ^i), (^„-i, 0n-i); (A(°\ M(")), (a^^ ^(1)^ m«), 




where Fq is a polynomial in the z^'s, 0i's, a^^^s, (a^'') -'^'s, A^-^^'s, and M^^}^^^^s. Also 
note that since the meaning of the expression (z^ — Zj — 9i9j)~'''^ is the expansion 
about the body ((zi)^ — (zj)^)"'*'' in powers of the soul, in general this expression 
has an infinite number of negative powers of ((zi)^ — (zj)b). However, if we let 
{Ci,C2, •••} be the fixed basis for the underlying vector space of /\^, we see that 
each CiiCi2 ' ■ ■ Ci2i term in (z^ — Zj — 9i9j)~''^^ has a finite number of negative powers 
of {{zi)B - {zj)b), and (z^ - Zj - 9,9/)^'^ {zi - Zj - 9^9,^^^ = 1. 

The set of all canonical supermeromorphic superfunctions on SK[n) is denoted 
by SD[n). Note that SD{n) has a natural Z2-grading since any supermeromor- 
phic superfunction F can be decomposed into an even component F'^ and an odd 
component F^ where F°{Q) e ^11 Q e SK and F^{Q) e AL ^r aU 

Q e SK. 

An even supermeromorphic tangent vector of SK at a point Q G S'-fC is a linear 
map 

(4.6) Cq : 5i?(n) ^ Aoo 
such that for Fi, F2 G S'i:>(n) 

(4.7) Cq[FiF2) - /:qFi • F2[Q) + Fi(g) • £qF2, 
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and an odd supermeromorphic tangent vector of SK at a point Q G SK is a linear 
map 

(4.8) Cq : SD{n) Aoo 
such that for Fi of homogeneous sign in SD{n), 

(4.9) Cq{FiF2) = CqF, ■ F2{Q) + i-ir^^'^F^iQ) ■ CqF^. 

The set of all supermeromorphic tangent vectors at Q is the supermeromorphic 
tangent space of SK at Q and is denoted TqSK (or TQSK[n) when Q g SK{n)). 
Note that TqSK is naturally Z2-graded, and thus we can define the sign function 
rj on TqSK (see Section 2.1). It is obvious that 



d_ 

dzi 



Q 



d_ 

del 

d 



da 



dA 



dM 



Q 



Q 



Q 



for i = — 1, 

for i — 1, n, and 

for i = 0, n and j G Z+, 



are in TQSKin). Because any supermeromorphic function on SK{n) depends on 
only finitely many of the variables z^, 0^, for z = 1, ?i — 1, , for i = 1, ...,n, and 
A^j \ and Mj^j^^2: for z = 0, n and j e Z_|-, the proof of the following proposition 
is the same as that for the tangent spaces of a finite-dimensional manifold. 

Proposition 4.5. Any supermeromorphic tangent vector Cq can he expressed 



(4.10) Cq^Y. 



1=1 



d_ 

' dzi 



Q oOi 



i=l 



d 



EEI 

i=0 iGZ+ 



OA 



(■0 



9M 



where 



Ifvi^^q) = 0, thenai,Si,jf E AL a'ndp^,i'f e AL- Ifvi^g) = 1; thenai,Si,jf g 

AL ft'i'i' e AL- 

Note that in (|4.10l) we have an infinite sum. This is well defined since when 
acting on any element of SD(n) it becomes a finite sum. 

4.4. The sewing operation and superspheres with one, two, and three 

tubes 

Proposition 4.6. Any element Q g SK can be obtained by sewing the follow- 
ing types of elements of SK 

(i) (0) g SK{Q), 

(ii) ((A(o),M(o)),(aW^^(i)^MW)) g SK{1), 
(ivi) ((z,0);O,(l,O),(l,O)) g^K(2). 
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Proof. The proof for Q e SK{n) is by inductfon on n. If Q = Af e 

SK{0), then 

Q=((^(°),Af(o)),(a«,AW,MW)) looo (0) 

is a type (ii) supersphere sewn with a type (i) supersphere. 
lfQeSK{l), then it is type (u). 
If Q e SK{n) for n > 2 is given by 

Q = ((zi, {z^-u0u-i); M(")), {a^^^ , ^(1) , M(i)), 

(a("\A("),M("))), 

then 

Q= ((^(o),M(o)),(1,0)) icx^o (^(^••- (z„_i,0„_i); 0,(1,0),..., 

(1,0)) looo (0,(aW,^W,M(i)))) 200o(0,(a(3'\A(2)^^,^(2)))^ 

•■■)„ooo (0,(a("\.4("),M(")))) 

which consists of n + 1 type (ii) superspheres and the supersphere 

Q;, = ((zi, 0i), (z„_i, 0„_i); 0, (1, 0), (1, 0)) 

sewn together. Thus we need only prove that can be obtained from type (i), 
(ii), and (iii) superspheres for n > 2. Assume this is true for k < n. Let 7 be a 
closed Jordan curve on the body of Q'^, denoted (Q^)b, such that and (z„_i)b 
are in one connected component of (Q^)b \ 7 (which we will call the interior of 7) 
and {zi)b, {zn-2)B are in the other connected component of (QI^)b \ 7 (which 
we will call the exterior of 7). By the Riemann mapping theorem there exists a 
conformal map fs from the interior of 7 to the open unit disc in C, and we can 
require that /b(0) = 0. Then by expanding fsizB) about and choosing an € 
such that = /^(O), we can let H{x,(p) be the unique formally superconformal 
power series such that (pH{x, ip) = ipfsix) is of the form H3.23|l with even coefficient 
of equal to a^. Then H^^{x,ip) and Sj^z„-i.o} ° H~^(x + fsizn-i), ^p) also satisfy 
l|3-23|l for S(z„_i,o)(a;, (/?) = (a; - Zn-i,ip). 
Let 

(aa,AO) = E-'{H{x,p,)), 

(a'n,A',0) = E-\H-\x,ip)) ^ {a^\{-a^^'A,,},eE+,0) 
(5n,B,0) = ^-i(s(,„_,,o)oi7-i(x + /B(z„_i),^)). 
Then from the definition of the sewing operation, we have 

= ((zi,0i),...,( );0,(l,0),...,(l,0),(an,AO)) 

(H(z„_i, 0„_i); 0, (6n, S, 0), («'□, A', 0)) 

= (((Zl, 0l), (z„-2, 0n-2); 0, (1, 0), (1, 0)) „_iC5O0 (O, (oq, tI, 0))) 

n — 1 ; — 1 

);0,(6n,B,0),(a'n,A',0)) 

which is obtained from sewing Q'^_i, a supersphere of type (ii), and a supersphere 
in SK{2). By our inductive assumption, the result follows. □ 
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It is clear from the definition of sewing that SK{1) is a partial monoid. In the 
following proposition, we give some subgroups of SK{1). 

Proposition 4.7. Let s,t e and {A,M) e /\^. Assume 

s{A,M),t{A,M) e n. 

Then {s + t)(A, M) e H, both 

(0,(l,i(AAf)) 1(^0 (0,(l,s(A,M)) 

and 

(s(AM),(l,0)) icx^o (t(A,M), (1,0)) 

exist, and we have 

(4.11) (0,(l,(s + t)(A,M))) = (0,(l,i(AAf)) looo (0,(l,s(A,M)), 

(4.12) ((s + t)(AM),(l,0)) - (s(AM), (1,0)) 1CX30 (t(A,M), (1,0)). 

In particular, for (A, M) G 7i, the sets 

(4.13) {(0,(l,i(AM)) lie AL, t(AM)€7^} 
and 

(4.14) {(i(AM),(i,o)) lie aL- <(AAf)e7^} 

are subgroups of SK{1). In addition we have the subgroups given by taking A = 
or M = m ^fl^ and 

Proof. Recall that in Chapter 3, we defined a group operation on infinite se- 
quences in a superalgebra R; see H3.31(l . Letting R = /\^, and for {A, M), {A, M) e 
A^ this operation is given by 

(4.15) {A,M)o(A,'M) ^ E-^{E(A,M)oE{A,M)ix,ip)). 
Let 

Hs{x, ip) = E{sA, sM), and Ht{x, ip) = E(tA,tM). 

Since s{A, Af ), and t{A, M) are in H, the supcrfunctions IIs{w, p) and IIt(w, p) are 
convergent in a neighborhood of e Aoo- H^nce HgO IIt{w, p) and IItoIIs{w, p) are 
convergent in a neighborhood of 0. Thus by H4.15|l . we see that s{A, M) o t{A, M) 
and t{A, M) o s{A, M) are in 7i. By Proposition EEl 

(s + t){A, M) = s(A, M) o t{A, M) = t{A, M) o s(A, M). 

Thus (s + t){A, M) e 7i. From the definition of the sewing operation, we see that 

(0,(l,s(A,M)oi(A,Af))) = (0,(1, t(A,M)) looo (O, (1, s(A, M)) , 

and 

{s{A,M)ot{A,M),{l,0)) = (s(A,M),(l,0)) iooq (i(A, Af), (1, 0)). 
This then gives and I^T^ . □ 
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Proposition 4.8. Let zi,z2 e AL ^mc/i that Kzi)^! > | (2:2)5 1 > - 
{z2)b\ > 0. Then 

((zi,0i),(z2, 02); 0,(1,0), (1,0), (1,0)) = 

(4.16) - ((Z2,02);O,(1,O),(1,O)) ((zi-Z2-0i02,0i-02); 

0,(1,0),(1,0)) 

(4.17) = ((zi, 0i); 0,(1,0), (1,0)) 2000 ((Z2, 02); 0,(1,0), (1,0)). 

Proof. Because each supersphere involved in the proposition has standard 
local coordinates at each puncture, the sewings depend only on the bodies of the 
superspheres. The sewing of the bodies is exactly the sewing given in Proposition 
2.5.3 in jH2| . Thus as in Proposition 2.5.3 of |H2| there exist ri, ...,rg g R+ which 
allow the above two sewings including the soul portions of the superspheres. Then 
(|4.16|l and H4.17|l follow from the definition of the sewing operation on SK{2). □ 

Remark 4.9. Proposition 14.81 is used in Bl to prove the associativity prop- 
erty for an iV = 1 Neveu-Schwarz vertex operator superalgebra with odd formal 
variables obtained from an iV = 1 supergeometric vertex operator superalgebra. 
Thus Proposition 14.81 can be thought of as a geometric version of this algebraic 
relation. 

Let (a, m) € Amj ^ ^ ^^^^ define 

{Aia, k), M{m, I - 1/2)) = ({A, \ = a, A, = 0, for j ^ k}^^^^, 

{M,_i I M,_^ = m, Af,_. = 0, for J ^ 0,«J 

which is an element of 

Proposition 4.10. For (z, 0), (zo, ^o) e Aoo ■^^^/i that < |(zo)b| < \zb\, we 
have 

((zo + z + 606, 9 + 0o); 0, (1, 0), (1, 0)) = 

((z,0); 0,(1,0), (1,0)) 1000 ((A(-zo,l),M(-0o,l/2)),(l,O)). 

Proof. Note that (A(-zo, 1), M(-6'o, 1/2)) e n^°\ and thus 

((A(-zo, 1), M(~0o, 1/2)), (1, 0)) e SKil). 

In fact, {{A{—zo, l),M{—9o, 1/2)), (1, 0)) represents the equivalence class of super- 
spheres with 1-1-1 tubes with canonical supersphere having local coordinates (in 
terms of the coordinate chart about zero of the underlying super-Riemann sphere) 
at 00 given by 

{w,P) ^ I — — — ^) = (— — ^2' T )' 

\w + zq + pOo w + zo + puo'' \w + zo [w + zq)^ w + zq / 

and at given by {w, p) 1— > {w, p). This canonical supersphere with tubes is super- 
conformally equivalent to the super-Riemann sphere with the negatively oriented 
puncture still at 00, the positively oriented puncture at (zo,0o)j and with standard 
local coordinates at these punctures, i.e., the local coordinate at 00 is given by 
(w,p) 1-^ {l/w,ip/w) and the local coordinate at (zqj^o) is given by the supercon- 
formal shift si^zofio) ■ i'^^ p) '-^ (w — zq — p0Q, p — 0o). Call this non-canonical super- 
sphere C. Then choosing r,ri,r2 £ M+ such that < |(zo)b| < r2 < r < ri < \zb\, 
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we can sew the 0-th puncture of C to the 1-st puncture of {{z, 6); 0, (1, 0), (1, 0)) 
via the sewing defined in Chapter 2. The resulting supersphere C is given by 

C = ((5C X A-'{Bll^^)) U {St X r-\Bl/'^)))/^ 

where p ^ q if 



I.e., 



and {wi — z — pi6,pi — 6) = {w2iP2)- Then the uniformizing function which sends 
C to a canonical super-Riemann sphere must satisfy 



Hp) 



fW{p) forpe(5CxA-H%^,,))), 
for pG{SC\ T-i(By''^)), 



where F^\wi,pi) = F^^\w2,P2) if A ^{wi,pi) ~ A ^(^2,^2), i.e., F^\w,p) = 
F^\w — z — p6, p — 6). In addition, we would like F^^^ to send 00 to 00, send to 

0, and keep the even coefficient of of the local coordinate at 00 equal to zero in 

order for the resulting supersphere to be canonical. Thus F^^ (w, p) = {w, p) and 

(2) 

F^ ' {w, p) = {w + z + p9, p + 9) is a solution to the uniformizing function and is 
the unique solution sending C to a canonical supersphere. Therefore the canonical 
supersphere representative of the equivalence class of the sewing 

{{z, e); 0, (1, 0), (1, 0)) looo {{A{-zo, 1), M{-0o, 1/2)), (1, 0)) 

is given by 

(5C; ex., (zo, Oo), 0; /, o {F^^Y\^d^J, 

but this is the canonical supersphere represented by 

{{zo + z + 9oe,0 + eo);O,{l,O),{l,O)) 
as desired. □ 

Let e e AL- From the definition of SK{0), we see that (0, M(e, 3/2)) e SK{0). 
Let F be any element of SD{1), and {z, 9) G Aoo- define a linear functional on 
SD{1) by 

(4.18) ge{z, 9)F = e); 0, (1, 0), (1, 0)) 1^0 (O, M(e, 3/2))) [^^. 
Proposition 4.11. The linear functional Qe{z,9) is in TeSK{l), and 

(4.19) ge{z,9) ^J2Y1 Z-(2fc-lH-2+fe ^ 



2 da^''> 



V V --(2fc-l).7-2 9 
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Proof. If ^e(z, 6) is given by then ^e(z, 6) G TeSK{l). Thus, the only 

thing we need to prove is l|4.19|l . The canonical supersphere (0,M(e,3/2)) is the 
super-Riemann sphere with one puncture at oo and local coordinate at oo given by 



(4.20) exp(-..-M^-P^ 



d 



d 



1 ip 

w ' w 



exp ~iex~ (p— ] ] ■ {x, ip) 



dip 



dx 



ep ip le 



Define Af\e),Af\e) G AL, and M !\(e),MW (e) G AL> iov j G Z+, and 



a^n\e)eiMr by 



(4.21) 



i 266' 

w W2(w — z) — z) ' w(u; — z) wz 



P 



2ie0 



w w{w — z)2 wz{w — z) 



= exp 

and 
(4.22) [w 



) (6)L_, (^, p) + M)% (6)G_ ,+ 1 (i., p) 



(0) 



2e9 2e0 



w — z 



w — z z 



1 ip 



£6* 



(ui — zy 



= (^A«(6)L,(n;,p)+MW,(6)G,._.(^,p))y 

•(aW(e))-2^«(--^).(«;,p). 

By definition of the sewing operation, 

(4.23) ((z, 0); 0, (1, 0), (1, 0)) icx^o (O, M{e, 3/2)) 

= ((A(«) (e), AfW (.)), (a« (6), (.), M^^) (e))) . 



by 



Let Fo,fP,F^^^ G 5i:»0(0), and ■f'i-i/2 ^ 5'L'i(0), for j G Z+, be given 



^o((A(" 

^(0)((^(0 



m(")) 
m(°)) 
mW) 
m(°)) 
mW) 



(a^^\A(i),M(i 
(aW,AW,M(i 
(a^^\A(i),Af(i 
(aW,A(i),M(i 

(«^^\aw,m(i 



= 4^ 
= 4"^ 



= M 



(1) 
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Then 



^^o((A(°),M(«)),(aW,^(i),MW) 
ae 

^Ff^((A(°),M(°)),(a(:^\.4W,MW) 
de ■' 

-^F«((A(°),M(«)),(a^^\^W,MW) 
de 

^F;°\((AW,M(°)),(aW,A(^M(i)) 
ae ■' 2 

-F^'\ ((A(0), M(")), (a^i\ ^(1), M(i)) 



e=0 



e=0 



(1),' \ 

de^^ 
de^^ 



e=0 



e=0 



!=0 



e=0 



e=0 



e=0 



From (|4.21(l and 14.22|l . we have 

ae J 2 

^M^^e 
ae J 2 



e=0 



e=0 



e=0 



e=0 



for j e'L+. Using H4.18|l . (|4.23|) and the above formulas, we obtain (|4.19|) . 



□ 



Remark 4.12. Propositions l4.HJl and l4.lTl are used in jBl| to prove certain ax- 
ioms for an = 1 Neveu-Schwarz vertex operator superalgebra constructed from 
an A'^ = 1 supergeometric vertex operator superalgebra. The axioms proved using 
these propositions are: that the vertex operator with formal variables associated 
with the Neveu-Schwarz element r is equal to the formal series with coefficients 
satisfying the Neveu-Schwarz algebra relations; and the G'(— l/2)-derivative prop- 
erty. One can thus derive some motivation for looking at the functional Qe{z, 9) by 
noting that the local coordinate 14.20|l which is given by 



exp^eG_ 1 (w, p) 



1 ip 

w ' w 



is related to the algebraic aspects of = 1 superconformal field theory via the 
fact that in an iV = 1 Neveu-Schwarz vertex operator superalgebra jB3j . the 
Neveu-Schwarz element r is given by (?(— 1/2)1 where 1 is the vacuum element and 
G(— 1/2) is given by the representation of the TV = 1 Neveu-Schwarz algebra present 
in the = 1 Neveu-Schwarz vertex operator superalgebra. In the correspondence 
between the algebra and geometry, the supersphere represented by (0) e SK{Q) 
corresponds to the vacuum element 1 in the vertex operator superalgebra, and 
(0,M(e, 3/2)) corresponds to e'"-^^^^/^^l. Therefore taking the partial derivative 
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with respect to e and setting e = 0, one obtains the Neveu-Schwarz element. Then 
the hnear functional Ge{z, 9) acting on the supermeromorphic function correspond- 
ing to the one-point correlation function gives the correlation function of the vertex 
operator associated to the Neveu-Schwarz element r, denoted (u', F(r, (z, 9))v); see 

m, m 

4.5. Generalized superspheres with tubes 

From Proposition 14.71 we know that for any {A, M) E H, the sets 

(4.24) {(0,(1,<(A,M)) |te AL. t{A,M)en} 

(4.25) {{t{A,M),{l,0))\teAl, t{A,M)EH} 

are subgroups of SK{1), as are the corresponding sets if we restrict to A = or 
M — 0. If we consider 

(4.26) {(o,(i,t(A,Af))|teAL. iAM)eAZ} 

(4.27) {{t{A,M),{i,o))\teAl, iAM)eA'Z} 

then these sets are (1, 0)-dimcnsional super Lie groups over Aoc i-^-' they are 
abstract groups which are also (1, 0)-dimensional superanalytic supermanifolds with 
superanalytic group multiplication and inverse mappings, (cf. |Rol| V But elements 
of and (|07|l are in general not in SK{1), even if (A, M) e Ti. Therefore, in 

order to study these sets, we introduce generalized superspheres with tubes. 
Let 

sKin) = SM"-' X a:: X {{Mr x a::)", 

for n e and 

SK{0) ^{{A,M) e a:: I {Ai,M^) = (0,0)}. 

Elements of SK — [J^efi ^^i'^) ^-re called generalized (or formal) superspheres with 
tubes. Note that SK C SK. From the definition of supermeromorphic superfunc- 
tion on SK ^ the following generalization is obvious: 

Proposition 4.13. Any supermeromorphic superfunction on SK{n), n G N, 
can be extended to a .superfunction on SK{n) having the same form. 

Let Qi e SK{n), for n g Z+, be given by 
((zi, 0i), (z„-i, 0„-i); (A(0), M(o)), (a«, ^(1), Af(i)), (a(,"\ M^"))), 
and let Q2 = (0, (&[□ \ S^^) , iV^^))) be an element of S'K{1). Let 

(B(i)(a«),iVW(a«)) = {{a^^f=Bf\{a'§f^-'Nf\\ e 
We define 

Qi ^ooo Q2 = {{zi,9i), (z„_i, 0„_i); (v4("), Af (0)), (a^'', A^, Af^)), 

{at'KA^'~'\M^^-'^{a^h^^\{A(^M(^^)o{B('Ha^\N('Ha^^))), 

(a(]+^\^('+i),Af('+i)),...,(a^"',^("),Af("))) e SK{n). 
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Similarly, for Q3 = ((B^, iV^")), (1,0)) e SK{1), we define 

Q3 1000 Qi = ((zi, 0i), (z„_i, 0„_i); (A(0), M(")) o iV(")), 

(a^'\^(i\M(i)),...,(a^"\v4("),M("))) e SK{n). 
Proposition 4.14. The subsets 

SK\l)^{{0,{a^^\A^'\M^'^))eSK{l)} 

and 

^^^""(l) = {((AW,m(")),(1,0)) e SK{1)} 
with the sewing operation iooq as defined above are groups. If{A,M) e /\^ and 

i ^ (0,(a*n,0)) 

i (0,(1, t(A,M))) 

give homomorphisms from the additive group to SK (1), and 

(t(A,M), (1,0)) 

gives a homomorphism from to S'iiT (1). In addition, we have the subgroups 
obtained by setting a\^^ = I, A^^) = 0, M^^^ ^ 0, 0, or M(°) = 0. 

Proof. From the definition of the sewing operation defined above, S~K^ {!) 

" 00 — ~ CO 

and SK (1) are closed under icx^o . The identity for both SK (1) and SK (1) 
is 

e= (0,(1,0)). 

In S'i^°(l), the inverse of (0, {a^f^\ A(^\ M^^^)) is 

(0,((aW)-\-^(^^((a^'V^),-M«((a^'')-^)), 

and mS~K°^{\), the inverse of ((A^ , M^")), (1, 0)) is ((-A^, -AfC^)), (1, 0)). 
From the definition of the sewing operation, Proposition 13.151 and equation 
we have 

(0,(a^\ti(A,M))) 1000 {0,{a*^M{A,M))) = 

(0, (a*n^ a'S , t^ {A, M) o t2 {A{a'^), M{a'^)))) . 

Therefore 

(0,(a*nSO)) 1000 (0,(a^^0)) = {0,{a'^+'-\Q)) 

and 

(0,(l,ii(AA^))) 1(^0 (0,(l,i2(AM))) = (0,(l,(ii+i2)(A,M))). 
Thus t ^ (0,(ag,0)) and t ^ (0, (1, t(v4, M)) are homomorphisms from /\|^ to 
S'k \i). In addition, 

(ti(A, M), (1,0)) 1000 (t2(A,M), (1,0)) = (ii(AM)ot2(A,M),(l,0)) 

= ((ti+<2)(AM),(l,0)). 

Thus t ^ {t(A, M), (1, 0)) is a homomorphism from to S'ii:°°(l). □ 
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Remark 4.15. The group SK (1) is isomorphic to the group (Aoo)^ ^ 
discussed in Remark [3 . 1 61 with R — /\^. The group SK (1) and the subgroup of 
S~K°{1) given by {(0, (1, A^^), M^^))) e S~K^ {I)} are both isomorphic to the sub- 
group of (AL)" X a::. The subset (AL)^ x ^ is a subgroup of (AD' x A^^ 
and is isomor phic to the subgroup of aU elements of S~K (1) with (A^^), M^^)) e U. 
This subgroup is also isomorphic to the group of local superconformal transforma- 
tions vanishing at 0. Similarly, the subset 7i is a subgroup of A^ isomorphic to 
the subgroup of aU elements of S~K°° {\) with {A'^°\M^^^) e H. This sub group IS 
isomorphic to the group of local superconformal transformations vanishing at oo. 



4.6. The sewing formulas and the convergence of associated series via 

the Fischer-Grauert Theorem 

For m £ Z+, let Qi E SK(m) be given by 

{{z,,e,),...Az,n-i,0n.-i);{A('\M(°)),{a^^'\A('\M(')),...,^ 

and for rt G N, let Q2 E SK(n) be given by 

{iz[,e[),...,{z'„_,,e:,_,);iB('\N(°^),{b^^\B('\N(%...,i^^^^ 

For convenience, we will sometimes denote the puncture at of Qi by (zm, 0^)- 
Let 

H^'\w,p) = exp[-^ [AfL,(i«,p) + M]^G,_i(«;,p) 

= ^(a[i\^«,M«)(«;,p), 
H^^\^,p) . expf5:(i?fL_,(z.,p)+A^f.G_,,.(z.,p))).(l,!^) 

= ^(s("),-z7V(0))fi,!^y 
\w w J 

Then the local coordinate vanishing at the j-th puncture of the canonical super- 
sphere represented by Qi is H^^^ o si^z.^g.){w, p), and the local coordinate vanishing 
at the puncture at 00 of the canonical supersphere represented by Qi is H'-^\w, p). 

Recall the standard coordinate atlas for the super-Riemann sphere, 5C, given 
by {(C^A, A), (J7t, T)} with coordinate transition given by / = A o T~^. 

Proposition 4.16. The i-th tube of Qi can he sewn with the 0-th tube of Q2 if 
and only if there exist ri,r2 G K+, with ri > r2 such that the series {H^^'>)~^{w, p) 
and {H^"^^)'^ {w , p) are absolutely convergent and single-valued in Bq^ and B^^^^ \ 
({0} X (Aoo)s), respectively, 

for k — 1, ...,m — 1, k ^ i, and 

o,izl,e[) i ^ ({0} X (A^)s)), 
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fori = 1, ...,71—1. Moreover, in this case, there exist unique bijective superconformal 
functions F'^^\w , p) andF^'^\w,p) defined on 



C/a X o {H^^^)-\Bl'^^ X ({0} X {^^)s)) C St, 
respectively, satisfying the normalization conditions: 

(4.28) -F't^(O) = 0, 

(4.29) lim |-(Fi^')i(u;,p) = 1 

(4.30) -Fa^(O) = 
and such that in (H^^"^ o s^^. g.))~^ (iJp^ x Bq^), we have ^ 

(4.31) F^^\w,p) = o (ij(2))-i o/o ijd) o S(,.,,.)(u;,p). 
Furthermore, if we let 

i/«(u;,p)=^(A("),-zM(°))(l,^), 

denote the local coordinate of the puncture vanishing at oo of the canonical super- 
sphere represented by Qi; let 

H^^\w,p)^E{a^i\A('^\M('^y){w,p), 

so that the local coordinate vanishing at the k-th puncture of the canonical super- 
sphere represented by Qi is given by Hj^^ o sj^^ g^,), for k = l,...,m, k ^ i; and 
let 

Hl^\w,p)=E{b^i\B('\N('^){w,p), 
so that the local coordinate vanishing at the l-th puncture of the canonical super- 

(2) 

sphere represented by Q2 is given by o S(2j.e^'), for I = 1, n; then we have the 
following: ^ 

(1) When i — m, and n> 0, the punctures of the canonical supersphere repre- 
sented by Qi toOOq Q2 are 

00, F^ 



^There is a misprint in the analogous nonsuper case given in IH2I . The domain of the sewing 
equation in Proposition 3.4.1 in \^ is {f^^'l)-'^iB^^ \_B''2) + Zi, not )-l (B i/'-2 xBl/ri)^ 
as stated. Corrected, this corresponds to the projection onto the body of s'^^ ^ ^ o (Sq^ \ 

•^The analogous nonsuper case to the sewing formulas (l)-(5) are given in H2 on pp.78— 
79 and pp.189— 191. However, the functions listed as "local coordinate maps vanishing at the 
punctures" are actually the local coordinates normalized to vanish at zero. That is, if we let g^,, 
for fc = l,...,m + n — 1, denote the local coordinates vanishing at the puncture Zfc of the resulting 
sewn canonical sphere, in each of the cases (l)-(5) in |H2I . the functions listed are go{l/x), 
9fe(2^ + 2fe), for fc = l,...,m + n — 2, and gm+n-i (a;) for x a complex variable. However, the actual 
formulas given for Qi iOOQ Q2 € K(m + n — 1) in Appendix A of |H2[ are correct. 



4.6. THE SEWING FORMULAS AND CONVERGENCE 



107 



and the local coordinates vanishing at these punctures are 

H^'^oiF^^Y\w,p), 

respectively. Thus 

Ql mOOo Q2 

= (fW(zi, (4, e'l), Ff 

((F-i)"(i7W o (fW)-i o /-i(t.,p)),z(F-i)i(i/W o o I-Hw,p)), 



iw,p)), 



















s^L (w, p)), 




(Ff )- 


^ S^}„, (' 



E-\H^po{F^^Y\w,p))), 



(2) When i = m = 1 and n = 0, the canonical supersphere represented by 
Ql lOOo Q2 has only the one puncture at 00 with local coordinate given by 

(4.32) 4'^o{F^^Y'os-^],^,^iw,p), 

where (a', m') € /\^ is the unique element such that Qi icx)o Q2 represents a 
canonical supersphere in SK{0), i.e., such that the expansion of i4.32^ has even 
coefficient of and odd coefficient of w^^ equal to zero. Thus 

iiE-')\4'^ o (4^))-i o .-J „^,) o r\w,p))). 

(3) When i — m > 1, and n — 0, and writing F^\zm-iT 0m-i) = Aoo' 
punctures of the canonical supersphere represented by Qi tooo Q2 are 

00, SpO F^\zi,0i),...,SpO F^^\zm-2,0m-2), 0; 

and the local coordinates vanishing at these punctures are 

4'KiFi'Y'os;\w,p), 
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respectively. Thus 



Ql iOOo Q2 = {^Sp O F^' {Zi,ei), ...,Sp O F)^' {Zm-2,0m-2); 

{{E-y{4'K{F^^Y'os;'or\w,p)),i{E-^)\H^'KiF^^Y'os;'oI^^ 
£:-i(ijW 2 o o (i^W)-i o (w,p)), 



(4) When i < m and n ^ 0, writing F^ (0) = p G Aoo' punctures of the 
canonical supersphere represented by Qi jOOo Q2 are 



00, Spo FX'izi,ei),...,spo F}^'{zi-i,ei-i), Spo F}^>{z[,e[),..., 

sp o (-2;_i,C_i),-F«(0), sp o F^^\zi+^,ei+^), 



anrf the local coordinates vanishing at these punctures are 



K^o{F^^Y'os-\w,p), 
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respectively. Thus 

Qi iooo Q2 = (^Spo F^\zi,ei),...,SpO F^\zi-i,ei-i),SpO F^\z[,e[),..., 

sp o -F^^\0), sp o F^^\zi+^,9i+r), 

sp o F^^\z^.,,Om-i); {{E-T{4'^ ° o o /-'(^«, P)), 

e-\h['^ o 5(,,,,,) o (Fi^^i o P)), 

F-i(ff « o .(.,^,,,.^,) o (Fi^))-i o .^J p)), 

E-\Hg)o{F'i})-'os-\w,p))). 

(5) When i < m and n = 0, writing F^\o) = p G /\^, the punctures of the 
canonical supersphere represented by Qi jOOo Q2 are 

00, Sp o F^\zi,ei), ...,Sp o F^\zi-i,Oi-i), Sp o F^\zi+i,0i+i),..., 

SpO F^\zm-i,Om-i), 0; 

and the local coordinates vanishing at these punctures are 

J?Wo(fW)-1o5;1Kp), 
Hi'^ o SM) ° (F^a)-' o s;\w,p),...,hI'_\ o o (fI^))-' ° Sp\w,p), 

H^r^^-l ° ° (^^i'V' ° S-\w,p), 

H^r:,K{F^^Y'oSp\w,p), 
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respectively. Thus 

Qi jooo Q2 = (^SpO F^\zi,0i),...,SpO F^\zi-i,0i-i),SpO F^\zi+i,0i+i),..., 
Sp o F^^\zm-i,em-i); {{E-^f{H^'^ o {F^^Y^ o Sp' o I-\w,p)), 

E-HhI'_\ o o o p)), 

o o (i^W)-i o s-l {w,p)), 

Proof. If the i-th tube of Qi can be sewn with the 0-th tube of Q2, then by 
definition there exist ri,r2 G satisfying ri > r2 and DeWitt open neighborhoods 
U^^'' and C/q^' of {zi,6i) e Qi and (oc.O) G (52, respectively, such that: {zi,9i) and 
(00,0) are the only punctures in u'^^'^ and respectively; -ff'^-* o Sf^^-^^0^|{w, p) 

and H^'^\'w,p) are convergent in ?7^^^^ and ?7o^\ respectively; and Bq^ C iJ^^^ o 
S(zifli){ul^^) and Sq^''^ C H^'^\Uq'^^). The positive numbers ri and r2 satisfy all 
the properties needed. Conversely, if there exist ri,r2 € M+, with ri > r2 such 
that {H^'^)~'{w, p) and {H^^^)^'{w, p) are convergent and single-valued in Sq^ 
and Bo^"" \ ({0} x {A^)s), respectively, 

{-Zi,-ei), {zk -Zi- 6k6i,ek - Oi) i (i/(i))-i(i35^), 

for = 1, m — 1, k ^ i, and 

o,(^;,0;) ^ ^ ({o} x (a^)^)), 

for / = l,...,n— 1, then we can choose r to be any positive number between ri and 
r2, and we can let 

U^'^=sll,^^o{H('Y\B^,^) 

and 

= (jy(2))-i(By'-2). 

By assumption, {zi,9i) and (00, 0) are the only punctures in U-'^ and Uq^\ respec- 
tively. In addition, 

and 

Thus the i-th tube of Qi can be sewn with the 0-th tube of Q2- This finishes the 
first statement of the proposition. 

Now assume that the m-th tube of Qi can be sewn with the 0-th tube of Q2 
and n > 0. By the definition of the sewing operation, the canonical supersphere 
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Qi mooo Q2 is in the same superconformal equivalence class as the supersphere 
with tubes 

(4.33) [S;po,pi, ...,p,„+„_i; {Uq, Qo), (Um+n-lMm+n-l)) 

where the supersphere S is given by the local coordinate system 

{(W^(i),i?W),(M^(2),i?(2))} 

with the coordinate transition function given by 
for {w,p) e n iy(2)) g^ch that 

Poj---,Pm-i G W^*-^-*, with coordinates 00, (zi, 6'i), 6'm„i), respectively; 
Pm, ■■■,P7n+n-i G with coordlnatcs (zj , 6*^), (z^.^, 6'^_i), 0, respectively; 

in terms of the coordinate {w,p) = R^^\p) for p G VF^^^ 

Ofe(p) = ijf ^ o S(2^_e^)(w,p), for fc = 0,...,m-l; 

and in terms of the coordinate {w, p) — R'^'^\p) for p e W'''^\ 

fl„i-i+iip) ^ Hj; o 5(2- for I = 1. 

By Proposition 12 . 1 {3I there exists a superconformal equivalence from this super- 
sphere with tubes to some canonical supersphere with tubes 

(4.34) {St; T-i(O), A-'{xu^i), , A-i(x,„,+„_2, ^m+„-2), A-i(O); 

(A-i(eS) U T-\{0} X (A^)s), i?o), (A-'(S^i ), 77i o A), 

{A-\b:^ZV:--1),H^+^_2 o A), (A-i(S;"+"-^),i7„+„_i o A)). 

Let 

Fi'\w,p)=FoiRWy\^,P) 
for (u;,p) G R'^^^W^^^), and let 

^^f (u;,p)=^o(i?(2))-i(u;,p) 

for {W,p) e i?(2)(-ypA(2))^ rpj^^^ ^(1) ^ ^(2)^ j^^yg 

(4.35) F^^^ o i?(i)(p) = F^f^ o ii'(2)(p). 

It is clear that we can choose F^^) and F^'^^ to satisfy H4.28|l - H4.30|l . On the other 
hand, forpe W'-^^ n W'-^\ 

(4.36) i?(2)(p) = (i/(2))-io/oi/(i)os(,^^e^)oi?(i)(p). 

By (|05|l and F^^^ and F^^) satisfy l|OT|l . The formula in case (1) fol- 

lows immediately from the relation between canonical superspheres and elements 
of SK{m + n — 1). This finishes the proof for case (1) i = to and n > up to 
uniqueness of F*^^^ and F*^^^. Cases (2) - (5) are proved similarly. 
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To prove that and F^^) are unique, assume that there exists another pair 
of functions F^^) and F^^) which also satisfy - l|OT|l . If we define 



F{p) 



F£^oi?(i)(|5) for peW^(^), 
Fj^^oR(^){p) for peW^^\ 



then _F is a superconformal equivalence from the supersphere with tubes (|4.33l) to 
a canonical supersphere with tubes. Thus -Fo F^^ is a superconformal equivalence 
from one canonical supersphere with tubes to another canonical supersphere with 
tubes. By Corollary 12.221 we see that F o F~^ must be the identity map, or 
equivalently F ^ F. Therefore F^^) = F^^) and F^^) = F^^). This proves the 
uniqueness of F(i) and F(2). □ 

Note that 

S{z,e)(w,p) = exp(zF_i(w,p) + 0G_i{w,p)) ■ {w,p). 

Thus using the formal solution to the sewing equation given in Chapter 3 to express 
the components of the uniformizing function formally as 



F'i\x,v) = F(^\x,^) 



(q^ ^^,X,e,AA) = (a<^' ,Af(») ,iV(0)) 



[a]/^ ,AM,B,H) = (a\^^ M^f ,JV(o)) ' 

we see that formally all the terms in the sewing formulas given in Proposition 
14. 161 can be expressed in terms of infinitesimal superconformal transformations. In 
order to use the formal solution as an actual analytic and geometric solution, we 
need to show that the power series expansions of F^^-* and f'^^ converge and are 
equal to F^^^ o S(zi,ei) and F^'^\ respectively, evaluated at [ay^ ,A,M,B,Af) = 

{a'a' , A^"^ ,M('\ B(o) , N^°^ ) . The absolute convergence of these series is equivalent 
to the absolute convergence of the x and (p coefficients of 



i7.(l) 



= exp( ^ [vI/_^.(t-^a«,AW,M«,i3(o),7V(o))L_,(x,^) 



and 



p(2) 



f^^Q^^,^,.{x, ^) = exp (-^Po(t-^ag\ M«, BW, iV(°))2Lo(^, ^)) • 
• (a«)2^''(-'^) -expj- ('*,(t-^a^'\AW,MW,B("),7V("))i,(.T,(p) 

as power series in the complex variable t^/"^ for \t^/'^\ < 1. 
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Define 

Q,{ti) = ((zi, {z„,-u0,n-i); (AW, mW), {at'\A^'-'\M^^-% 

(t-^a^^\ M«), (a(]'+'\ M(^+i)), (a^T', ^'"^ , 

and apply Proposition 14.161 to Q2 sewn into the i-th puncture of Qi{t^^^) for 
< li^/^l < 1. Denote the two functions F^^) and F^^) ffivinff the canonical 
supersphere in this case by F^ij2 ^^^d ^^'1% ; respectively. If we can prove that the 
expansion coefficients of A o F^^J^ o = F^^J^ ^ and A o F^^J.^ o — F^'^J^ ^ as 
analytic functions in w and p are analytic in t-^^^ for < 1, and their expan- 

sions as Laurent series in i^/^ are equal to the corresponding x and tp coefficients 
of F^^ ° S(^^. Q.){x,ip) and F^^ ji/2 (2^1 respectively, then these x and ip 

coefRcients of F^^ ^^/^ o s(zi,9i){x, f) and F^^ 41/2(2;, (p) are absolutely conver- 
gent for \t^^^\ < 1. In particular, taking t^^^ = 1, we would have that each x and 
tp coefficient of Fgj o S(2. g.) (x, and Fq^ Q^{x,ip) is absolutely convergent to 
the corresponding w and p coefficients of f''^'^ and F^^-* . 

Remark 4.17. Since by Thcorem l3.26l Fq^ Q^{x,ip) and Fq^ Q^{x,ip) depend 
algebraically on 



h'']], (x, ip) 



= exp 

and 



(A,L,{x,ip) + M^_.G^_.{x,M ■ (aS)-2^"(-''^) • [x,^) 



(x,(p)=expl {BjL^jix,ip)+N^^iG_j+iix,p)^ \ •(^,^), 



and are determined uniquely by the formal sewing equation and formal boundary 
conditions, the convergence described above and proved below implies that F^^^ and 
F^^^ depend algebraically on the local coordinate maps 

p6i, p — 9i) in the sense that the formal series obtained from the expansions of F'^' 
and F*^^) depend algebraically on the formal series obtained from the expansions 
of H^^\'w,p) and H^'^^w — Zi — p9i,p — 9i). In addition, we see that F^^^ and 
are determined directly and explicitly by the sewing equation, normalization 
conditions, boundary conditions and the algebraic dependency on H^^^Wjp) and 
H^'^\w — Zi — p9i, p — 9i). Thus a consequence of the convergence result below is the 
answers to the questions posed at the end of Section 2.6 regarding the dependency 
of the uniformizing function on the local coordinates. 



We follow the argument in |H2| using a theorem proved by Fischer and Grauert 
[FG| in the deformation theory of complex manifolds to prove the analyticity in 
t^^"^. However, the supersphere Qi{t^^^) iOOg Q2 is of course an infinite-dimensional 
non-compact complex manifold, and the Fischer-Grauert Theorem only applies to 
finite-dimensional compact manifolds, e.g., the body of this supersphere. But we do 
have that Qi{t^^^) iOOo Q2 is a fiber bundle over the body, with fiber isomorphic to 
(Acx>)s' ^^'^ '^^^ define two famihes of global sections for each {ws, p) G (Aoo)s' 
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such that each section is complex analytically isomorphic to the Riemann sphere. 
We can then apply the Fischer- Grauert Theorem to each section and analyze the 
behavior in t^/^. This will allow us to prove certain analyticity properties of the 
uniformizing function for < \t^^^\ < 1, on each section. The sections that 

we will define completely cover the fiber bundle that the canonical supersphere 
represented by Qi{t^^'^) iOOo Q2 defines in such a way as to give the analyticity of 
the uniformizing function for < \t^^^\ < 1 on the entire supersphere. We 

will then analyze the nature of the singularity at t^/^ = of the components of the 
uniformizing function ^"^^1^/2 /^{w,p) and F^^^J^ ^(^^iP) ^-nd expand each function as 
a Laurent series in w, p and i^/^. We then show that the formal series correspond- 
ing to these expansions with {w, p) replaced by (a;, (p) are the same as the formal 
series FqI 41/2 ° ^(zi.ei) (a^, f) and F^^ 41/2(2;, p), respectively. This proves the 
analyticity and convergence of the series 'i'j{t~ia,A,M,B,N), for j £ and 

Now we present a brief description of the Fischer- Grauert Theorem following 
|H2) . Let I? be a connected complex manifold, and let Tl = {Mt \ t e T)} be a 
family of compact complex manifolds parameterized by t G T). We say that Mt 
depends holomorphically (or complex analytically) on t and that 071 — {Mt \ t S I?} 
forms a complex analytic family if there is a complex manifold M and a holomorphic 
map u) from M onto T) such that 

(i) uj~^{t) = Mt for each t £ V, and 

(ii) the rank of the Jacobian of Q is equal to the complex dimension of V at 
each point of M. 

If each point t E V has a neighborhood At such that (D~^(Aj) is complex 
analytically isomorphic to Mt x At and the diagram 

w-i(At) ^ Mt X At 

[u; jproj. 

At At 

is commutative, then we say that 3Jl — {Mt \ t € V} is locally trivial (complex 
analytically) . 

Theorem 4.18. (Fischer- Grauert) If for all t eT), the Mt 's are complex ana- 
lytically isomorphic, then QJt is locally trivial. 



The proof of this theorem can be found in |FC 

Next we construct two sets of global sections for the super-Riemann sphere S'C 
viewed as a fiber bundle over the Riemann sphere CUoo = SC.B- Recall that 5C is 
given by the superconformal coordinate atlas {(?7a, A), ([/-f , T)} with coordinate 
transition function A o T^^ ~ I, and the Riemann sphere can then be represented 
by the coordinate atlas {((C/a)b, Ab), ((C/t)b, Tb)}. For {ws,p) € (Aoo)s' define 
the global section cr(u,s,p) : SCb SC by 

^.07^ „ („ \ ( A-^{Ab{pb)+ws,p) forpB e (?7a)b, 

(4.37) fT(^„p)(PB) - I Y_i(o) f^^^^ ^ 

Similarly, for {ws,p) G (Aoo)s define the global section T(^ws.p} ■ "^Cb ^ SC by 



(4.38) T^ws,p)iPB) = 



T 1(T_b(pb) -f ws,p) for pb G (C/t)b, 
A-i(O) forpB ^ (C/t)b. 
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Then for (ws,p) G (Aoo)'Si the spaces a(^^^^p){SCB) and T(^^^ p){SCb) each define 
Riemann spheres. Note that if M is any genus zero superconformal manifold with 
uniformizing function F : M — > SC., for each {ws,p) G {/\oc)S' have the 
global sections of the fiber bundle M given by o a(^^^^p) o Fb : Mb — > M and 
F-i o T(„^^^) o Fb : Mb M. 

For Qi e SK{m) and Q2 G SK{n) as in Proposition 14.161 and 

Qi(ti) = ((zi, (z„,_i, AfW), (a^j-i), M(*-i)), 

(i-^a^i', ^W, Af«), (a(i+'\ M(^+i)), (a(™\ Af™), M^"))) , 

define 

Since the z-th tube of Qi can be sewn with the 0-th tube of (52, it is easy to see from 
Proposition 14.161 that the i-th tube of Qiit^^"^) can be also be sewn with the 0-th 
tube of Q2 when < < r for some r > 1. By Proposition 14.161 for any such 

t^/"^ there exist ri{t^/'^), r2(t^/^) G R+ satisfying ri{t^/'^) > r2(i^/^) and bijective 
superconformal functions F^l^.^ and on SCx A^^os^ri g ^o[h''^]2)^^{Bq^^^ 

and i7A \ A-i o \ ({0} x {f\^)s)), respectively, such that the 

conclusion of Proposition 14. 16| holds if we replace Qi, H'^'^\ ri, r2, F^^\ and i^'^' 
by Qi(<i/2), i/W^, ri(ii/2)^ r2(ti/2), F^^ and respectively. Denote ri(l) 

and r'2(l) by ri and r2, respectively. From the definition of 7 it is clear that 
we can choose ri(f^/^) = ri and r2(t^/^) = r2 for all i^/'^. 

Proposition 4.19. There exist r G R, ?■ > 1 such that the superconformal su- 
perf unctions F^l^^ and F^ij2 olts analytic int^^^ forO < \t^^^\ < r. Furthermore, the 
singularity at t^/-^ = is a removable singularity of F^l'j^ ^{w,p) and F^'^^^ ^iw,p), 
and writing 

we have that i^/^ — is a second-order zero of (^"^'1% a^^'*"))*^ '^'^'^ first-order 
zero of {F^^]2^^iw,p)y. 

Proof. Qiit^^"^) iOOg Q2 is represented by a supersphere with tubes M(i/2 
given by the local coordinate system 

{{W^^h,R%),{W^^h,R%)} 
with the coordinate transition function given by 

(4.39) R% o {R[lj,)-\w,p) - o / o o 

for {w,p) G R%{W^!), n W^^l) such that 

and 

= C/a X o X ({0} X (A^)5)) = R^'HW^'^ 
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We know that for each t^l"^ the coordmate transition function (i/*^^^)^^ o /o u'^^/^ o 
^(zi,ei)iw^ p) is superconformal. 

From the uniformizing function at t^l"^ ~ 1, i.e., for F — F\ : M\ — > S'C, we 
have the global sections of M\ given by F^^oGi^^^ p-^o{F-{)Q and F^^ot(^^^^p)o{F\)b, 
for each [ws^p) G {/\^)s- Letting t-^/^ vary, we obtain global sections we denote 

by 

respectively. Then defining 

^o-(u)s,p) ^ cr(.ii,s^p)^fi/2((M(i/2)s) 

we have that M'^}^^'''^ and M'^^^^'''^ are genus zero compact complex manifolds. 
Let 

for k = 1,2, and let , ^ : , , be the restriction of 

to Wjt)2 i for /c = 1, 2. Then 

is a coordinate system for M"^}/^^ '''' , with coordinate transition function given by 

for (u;,p) e i?iJ]2,.(„,,p)(<;2,,(^,,p) n </L(^,,p)). It is clear that Mf/^-"^ is 
complex analytically isomorphic to {M^i/2)b- 

Let Vr = e C I < |ti/2| < r, -7r/2 < arg t^/^ < 7r/2} for r e M+ 

and let {t^l^ G C | < \t^/^\ < r, 7r/2 < arg t^/^ < 37r/2}. Consider 

3jfa(™s,p) ^ {M"//^^'"' I g and fm'^(-s,P) ^ {Mf//^^'"^ | i^/^ e A-}. In 
|H2| . Huang uses the Fischer-Grauert Theorem on the body component SOf^'"' to 
prove that it is locally trivial in t, for < |i| < r. We will follow this argument 
in the more general case of 2H'^("'s,p) ^nd ^"('^s-.p) prove that they are both 
locally trivial in i^/^ for all {ws,p) G {/\^)s- The reason we split the domain 
of i^/^ into Vr and Vr is that we will need certain bijective properties to form a 
manifold from the family Srrt°'('"s,p)^ a,nd thus have to restrict the domain of t^/^ 
in order to insure that there is no double cover in the i^/^ coordinate. We will 
then use the local triviality properties of M'^("'s,p) and Tl'^i^s.p) ^ g^ow that Fj^^)^ 

and F^^j^ restricted to the sections M^}^'^'''^ are analytic in t^/^ for < \t^^'^\ < r. 
Using the family of sections T(^ws,p) instead of cr(u)s.p), the analogous argument for 
i)jlT{ws,p) and m^i^s.p) shows that they are also locally trivial in i^/^. Then the 
analogous argument can be used to prove that fj''i'/2 and -^^^2 restricted to the 
sections M'^^J^^"''^ are analytic in <^/^ for < < r. This will allow us to 



conclude that F^l^^ and F'^'fj^ themselves are analytic in i^/^ for < < r. 
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a{ws,p) 



Let M^("'S''') = Ui/^ep^M;,'/^'''^ Let 

'■(«'s,p) 



r/^^ - I I w'-^^ 



r/(2) _ I I w(2) 



47 

W(2) 

cr(uJs,p) 



t2 

Then M-(--^) = U^^^^^^ U [/(Ji^.^^^. Let 
and 

Obviously V^^^^ is an open set in for fc = 1, 2. We define 

gik) . jj{k) ^ y{k) 



for » G W\ L , It is clear that the 13 , are biiections. Thus 

((Tjik) M ^-, 

cr{ws,p)' ''^T{ws,p)n k=l,2 

is a local coordinate system for M'^*^"'®'''' with the coordinate transition function 

given by 

This gives a complex manifold structure to M'^'^™-'''''). It is clear that the 
projection from M"'^™^'''^ to Vr is complex analytic and the rank of the Jacobian 
is one. Thus ajl'^(«'s.p) = {M^^^^^'''^ \ t^/'^ e Vr} is a complex analytic family. 

Since all the M'^^J^^'''^ are complex analytically isomorphic to 5C_b = C U {oo}, 
they arc all complex analytically isomorphic to each other. By the Fischer- Grauert 
Theorem, 9Jl'^("'s,p) jg locally trivial for each {ws, p) G (Aoo)s- Thus given a section 

1/2 1/2 

afi/2{'Ws, p), for every t^' G Vr, there exists a neighborhood of > denoted 
^ct(^^s,p) ^ 2)^^ gypjj ^^^^ complex analytically 



Thus there exist complex analytic isomorphisms 

tT{ws,p) . j,ja{ws,p) , ]i/f<7{ws,p) 

7(1/2 • -'^^(1/2 -'"(1/2 



to 

for any f^/^ S A'^j;^"'''''^ such that if wc use the local coordinates of M^}^^'^''^^ and 
M"//^^'^) to express 7±^'''\ then 7"//^^'") is also analytic in t^/\ 

*0 
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For every M^}^^'''\ we already have a superconformal isomorphism F^-}^^^'^'' 
from M^.^T'"^ to (5Cb) given by 



i^^^/.b) for 



For a g (A!L)^' define the superprojective transformation Tq : SC — > S'C by 
and 

(ra)A : Aoo ' Aoo 

1-^ {a'^w,ap). 

Choose a point (wo)b G C^. We can always find some function a"'*^'^'^'''-' (i^/^) 7^ 
from A'^ijl^'^'' to such that in terms of the coordinate atlas {{Ua, A), {Ur, T)} 

of S'C restricted to the section a{ws, p){SCb), the function 



is analytic in t^/^ for i^/^ e A^/'^'^'''^ Note that 

*0 



1/2 



iJ„<,(™S,p)(tl/2) O i^^j^, J ° 7(1/2 ° (Ja"(™S.'')(tl/2) O -ftl/2 

is a family of analytic isomorphisms from a{ws , p){SCb) = SCb to itself. Hence it 
must be a family of linear fractional transformations depending on Any linear 
fractional transformation is determined by its values on three complex variables. 
Furthermore, it is clear that if the values at these three points depend analytically 
on i^/^, then the value at any point depends analytically on t^^^. Consider the 
three points A"i(0 + ws,p), T-^{0) and A-^{wq + ws,p) G S'C. Since 

J„<,(™S,p)(4y2) O ° 7(1/2 O (jQ-(™S.P)(tl/2) O -f'tl/2 j °A (Uj 

- ^a<'(™S.P)(ty^) °^ty2 ° 7(1/2 ° (^tl/2,^(„^,p)) (0), 

is analytic in t^/'^ ^ and the value of any superfunction at {wb +Ws,p) is the Taylor 
expansion about the body wb, we have that 

T,p(™s,p)(ty2) oF,), ° 7(1/2 o (r„<,(..s.p)(ti/2) oi^tvs ) oA {0 + ws,p) 
is analytic in Furthermore, 

-'„„(™S>P)(tJ/ = ) ° ■^4^/2 ° 7(1/2 O (i^„(„g,p)(ji/2) O i-^i/^ j Ol (Uj 

- ^a-(™S-P)(ty^) °-^ty2 ° 7(1/2 ° (^tl/2,^(^^,p)) 
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is analytic in i^/^, and by our choice of a'^'-'^^'P\ 

J^.C^S.PjCtJ/^) ° ° 7(1/2 ° Ua-(™S.P)(tl/2) O -f'tl/2 ) 

o A"^((wo)b + ws,p) 

is analytic in t^^^. Thus 

(.^a-(™S.P)(t,y^) ° -^4^/2 )° 7(1/2 O (Ja-(™S.P)(ti/2) ° -^(1/2 j 

is analytic in t^^^. This implies that T^^i^s.p^t^/^) °Pii/2^'''^ is analytic in t^/^. By 
the definition of F^J'^^^'''^ and the normalization conditions that it satisfies, we have 

~ p{a'^^^^''^''{t^)w + terms of lower order in w). 

Since T^<'(<^S'P'>{t^/2) ° is analytic in i^/^, its coefficients in w and p are also 

analytic in t^/^. Hence (i^/^) jg analytic in i^/^. We conclude that F[J-/^^'''^ 

is analytic in Since is an arbitrary complex number in Dr-, we have that 
F;!^™^-''' is analytic in i^/^ for any i^/^ e P,.. 

Following the same argument above with Vr replaced by Pr, we conclude that 
F'^}/^^''''^ is analytic in t^/^ for < \t^^'^\ < r. Then following a similar argument 
using the sections t{ws, p), we can prove that Fji/2 restricted to M^^/y™^'^^ is analytic 
in for < \t'^^'^\ < r. Then since 



M,i/2= u (M^.^r-^^uM^/.r'"^), 

('"s,p)e(Aoo)s 

we have that i^ti/2 is analytic in t^/^ for every point p g Mji/2. We conclude that 
i^ti/2 is analytic in t^/^ for < < r, and thus ^'/vl and -^^'1% ^^"^ analytic in 

ti/2 for 0< |ti/2| 

We now prove the second statement of the proposition. Let {H^^^)'^{w, p) and 
iH^^^y{w,p) be the even and odd superfunction components of H^^^(w, p), and let 

for _^ 0. For t^/^ = 0, we define 

ff(2)/ ^ / 1 «P 
\w w 

Then hI^]^{w,p) is analytic in t^/^ for It^/^l < 1. 
Let 3 

= ((4, ^'1), (4-1, ^;-i); ((^-')°(4'/2 ° ^-'(^^, p)), 

i{E-^Y{H% o p))) , (fed), iV(i)), 7V("))) 



■^There is a misprint in the analogous nonsuper case to the definition of Q2(i) given in 
IH2I . On p. 85, in IH2I . the coordinate at 00 of the sphere Q2(t) should be E~^{f'j:^\l/x)), not 
E{fl'^\l/x)) as stated. 
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It is easy to see that the z-th tube of Q\ can be sewn with the 0-th tube of Q2(i^^^) 
when \t^l'^\ < 1. By Proposition 14.161 there exist f'^^j^ and F^i^ such that 

F%^^{S>) = (0), 

w--^<yo op ^ 

F^'hjO) = (0), 

and in some region 

holds for < 1^ Moreover F^l]^ and f/^^/^^ are unique. Using the same method 

as that used in the proof of the analyticity of F'j^^j^ and F'^fj^, we can show that 
F^l]^ and F^^]^ are analytic in t^/"^ for \t^/'^\ < 1. But from 

and 

we see that -F^'i'/l ^{w,p) and -F'/52 ^(^"^''i'j satisfy the above equation for 
^^tV2,A ^tV^A- uniqueness, 

F^^),Jw,p) = F^^ljt-^w,r^p), 

i.e., i^^'-^a = ^{tw,t^^^p). Since F^'^i'/a and ^^^1% ^I'S analytic in i^/^ not 

only when < < 1, but also when t^/^ = 0, it must be that t^^^ = is a 

removable singularity of F^^J.2 and -F^'i^. Finally, since ^(-F'j'i^ (w, p))" = p ■ 0(w), 
and p{F^ij2{w, p))^ — p ■ 0{w), and for any f^/^ with \t^^'^\ < 1, the superfunction 
F^i]2{w,p) is nonzero for {w,p) ^ 0, we see that t^/^ = is a second-order zero of 
(^^1)2 (w, and a first-order zero of (f^^a P))^ • 1^ 

From Proposition 13.281 we have the formal series 

in AoolM] for J G (AW,MW),(i?(0),iV(")) e A^^, and a« G (AL)^ Let 
1/^(^1/2) ^ §^-(ti/2)(i-i/2aW^^w^^jC0^^(o)^^(o))^ foj. j g 1^^ be defined by 

(1, {^--.Ct^), -z^-^^.+ i (a)}^.^^ J = E-\I o o .-1^^^, o r\x, v)) 

Then we have the following proposition. 
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Proposition 4.20. Let Qi £ SK{m) and Q2 G SK{n) be given by 

Qi = ((zi, (^™-i, e™-i); mW), (a«, M(i)), 

...,(a^'"\A("),M(™))) 

and 

Q2 = {{z[,9[), C-i); ivW), i3(i), MD), 

...,(6(7\i?("),7V("))) 

/or m G Z+ and n G N. //Qi iOOo Q2 exists, then the series "^jlt^^^), for j G ^Z, 
are convergent when \t^^'^\ < 1, and the values of these convergent series are equal 

to §j(il/2). 

Proof. By Proposition lTT^ F^l]^ and ^re analytic in t^/^ for \t^/'^\ < 1, 
and therefore ^ ° ^'{z- e ■)('^ ' P) analytic in t^^'^ for \t^^^\ < 1. Thus 

^ ° ^'(z- 9 )^'^^ P) ^'^'^ ^/v2 A '^^'^ expanded as power series in i^/^. The 
functions (i^^^) as polynomials in the w and p coefficients of F^l]2 a ° '^(z^ e ) ('"^' i") 
and i^^^]^/2 ^{w,p) can also be expanded as power series in t^/^. Since ^ ° 
Sj~^ g:^(w,p) and ^"/i^ ^{"^iP) satisfy the sewing equation 

F%^^{w, p) = f'^I^^ o {H%)-^ o / o H% o p) 
or equivalently 

^/'A A ° ^Le.)^^^ P) = ^tV2,A ° ° ^ ° {w, p) 

and the obvious boundary conditions, the formal series F^l^2 ^ ° sj^^ 9 )(2^7'P) ^"^^ 
^{^iV) Aoo[[^'-'^^"^]]['(^][[*^^'^]] corresponding to the expansions of f'^1^^ ^ o 

1 (2) 

Sj~. g,^{w,p) and -^^1/2 a(^''^)' respectively, satisfy the equation 
(4.40) fW.,^ o sll^^^ix, ^) = F^l^^ o ° / ° i^.^vU^, ^) 

in Aoo[[^'^^^]][V'][[*^^^]] ^'^d the corresponding formal boundary conditions. Note 
that the coefficients of the right-hand side of H4.40|l are, in general, infinite sums. 
Thus F'j:}^^ ^ o g ^{x,ip) and f'^'}^^ satisfying H4.40|l means that the co- 

efhcients of the right-hand side are absolutely convergent to the coefficients of the 
left-hand side. 

Note that equation 14.40|l and the corresponding formal boundary conditions 
can be obtained from the formal sewing equation and formal boundary conditions 

in Theorem 13.261 bv substituting Aj, Mj_i/2j Bj^ Nj_i/2, and t~^/'^a\j' for Aj, 

1/2 

Alj_i/2, Bj, and Q!q , respectively, for j G Since the solution of the 

formal sewing equation and the formal boundary conditions in Theorem I3.2t)l is 
unique, the solution F^^^J^ a ° ^{z^ e )(^' ^^'^ a^^' formula (|4.40|) and 

the corresponding boundary conditions can be obtained by substituting Aj, Afj„i/2, 
Bj, Nj_i/2, and i^^/^a^'' for Aj, Mj-1/2, Bj, Afj-1/2, and a^^, respectively, for 
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j G Z+, into the solution of the formal sewing equation and the formal boundary 
conditions given in Theorem 13. 261 Thus wc have ^ 

(4.41) E{l,{^^,it^)-i^_^_,^it'^)}^^^^)ix,^) 
and 

(4.42) ^(<-^a«exp(^o(t^)),{*j(i^),V^(^^)},ezJ =4'A,a(^'^)- 

By the definition of ^j{t^^^), for j e the expansion of ^j{t^/^) is equal to 
foj. j g i *j(t^/^) is convergent to ^j{t^^'^) for |<i/2| < 1. □ 

4.7. An TV = 1 Neveu-Schwarz algebra structure of central charge zero 
on the supermeromorphic tangent space of SK{1) at its identity 

The super-moduli space SK{1) of superspheres with 1 + 1 tubes with the sewing 
operation is a partial monoid. But in general, elements of 5/^(1) do not have 
inverses. In Lie theory, one uses invariant vector fields of a Lie group to define 
the Lie algebra. We will define a bracket operation on a subspace TeSK{l) of the 
supermeromorphic tangent space TeSK{l) of SK{1) at the identity e. We will then 
show that TeSK{l) with this bracket operation is the Neveu-Schwarz algebra with 
central charge zero. 

Let ao, A'j^\ Po, Bf\ and sj^^ be even formal variables, for j G Z+; and 
let ^A'"^\ ^A'"■^\ A/'^°l and Af^^\ ,„ be odd formal variables, for j G Z+. For 

J — 1/2' J — 1/2' J — 1/2' J — 1/2 ' ^ 

convenience, we will let use the notation 

AM^"'^ = ((y^(°^x(")),(ay^y^(l),>^(l))) 

fiAA(°i) = ((BW,AA(")),(/3o'/^B(l^AA(l))). 

Define 

A J {AM eAA(oi) ) , $f (AM , eAA(oi) ) , <i>f ^ (AM ("^^ SAA^^D ) 

for j G iZ+, by 

(ylAl("i),SAA(oi)),-z<i>J"J,(^X("i),6AA("i))} ) 
- o^({-vl/_^.(4,^W,X(i),S("),AA(")), 

^There are a couple of misprints in the analogous nonsuper version to equation 14.411 and 
the setting for nonsuper version of the proof of Proposition 14. 2(71 given in IH2I . In the proof of 
Proposition 3.4.5 in IH2I . in the last paragraph on p. 87, in both instances it should be stated 
that equation (3.4.2) and the corresponding formal boundary conditions can be obtained from the 
formal sewing equation and formal boundary conditions in Theorem 2.2.4 by substituting Aj, Bj, 
j S Z-i- and t~ af^ , not Aj, VBj, j £ Z+ and t~^af^ as stated, for Aj, Bj, j £ Z+ and ao, 
respectively. In addition, the first displayed equation on p. 88, should read 1/F^^\x~^ + Zi) = 
E{l,{-^.j{t)}j^z_^), not Fi<^\z + 2i) = £'(l,{*_^(i)}jgz^) as stated. 



4.7. A NEVEU-SCHWARZ ALGEBRA STRUCTURE ON THE TANGENT SPACE 123 



and 

Formally, these series give the coordinates of the supersphere 

lOOoSAr(oi) G SK(2) 

at infinity and zero, respectively. For convenience, we denote the resulting super- 
sphere 

by 

$(01)(^_yVl(01),SAA(°l)). 

Writing 

for A; = 0, 1 and j G 
and 

for j e iZ, we can give the local coordinates of ^^°^\AM^°^\ BAf^°^^) at infinity 
and zero explicitly by 

exp(^ (4')L_,(.,^)+Alf_).G_,,.(.,^))) . 
for the local coordinate at infinity, and 

(4.43) exp(- J2 {^f''Lj{x,v) + ^f\G^_r{x,v))) ■ (a|)-^''(-''^) • {x,^) 
= exp(^(*,■L,■(x,^)+^E',_lG,_l(x,^)))•(4)-^''(-''^)•exp(vl/oLo(x,^))• 
exp(- ^ (6«L,(x,<^) +AA(l),G,_i (x,<^))) • (/3|)-^«(-'^) • (x,^), 
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for the local coordinate at zero. ^ It is obvious that 

(4.44) <i>(oi)(AM(°i),e)=y^M("i), and (e, SAA^"!)) = 6AA("i) 

Let TeSK{l) be the subspace of reS'/'ir(l) (the supermeromorphic tangent space 
of SK{1) at e) consisting of all finite linear combinations of 



a 



3-1/2 



dA 



and — 



ale' 9a'^ 

3 

for j eZ+. Let F e SD{0). We will use 



the notation 



^^(01) 



We define a bracket operation on Ti,SK{l) as follows: For j, k £ Z_|_, let 



dA 



(0) 



9 



(0) 



F 



d d 



d d 



dAf dBf dAf dBf 



" d 


d 




da 




e- 



F 



f _d d_ 



d d 



(0) 



5-4f da. 



_ W(ci,(oi)(_4_^(oi)^g_^(oi))) 



when j > k, let 



9 



(1) 



9 



(0) 



F 
f 9 



d d 



j7(ci,(oi)(_4^(oi)^g_^(oi))) 



when j < k, let 



9^ 



(1) 



d 



dA 



(0) 



/a 8 



d d 



KdAf^dB^^^ dA^^^dA^^ 



" d 


d 




da 


dAf^ 


e- 



F 



d d 



d d 



daldl^ dAt'dpl 



(1) 



_ F(ci,(oi)(_4_^(oi)^g_^(oi))) 



^There is a misprint to the analogous nonsuper case to equation i4.43i given in IH2I . On 
p. 90 of IH2I . the right-hand side of the equation giving the coordinate at zero which is equal to 
(_^(oi) _g(oi)-)(a^)a; should be acting on x. 
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" d 


d 




[l>Af> 




e- 



F 



3 



(0) 



dM 



(0) 



F 



3-h k 



(0) 



"^2 2 



(0) 



F($(oi)(^A^(oi),B^(oi))) 



5M 



(1) 



(0) 



3-2 k 



(0) 



+ 



K 2 3 



dM' 



(1) 



(1) 



J-5 



(1) 



fe-5 J 



(1) 



d 


d 




F 










e- 








J( 




d 


d 


d 



^ 3 K— o 



(0) 



" d 


d 




da 


e' dM^^\ 
3-\ 


e- 



F 



when j > k, let 



.da§ dM 



(0) 



d 


d 






JdMfK 


e- 



- F($(oi)(^7W(oi),BAr(°i))) 



(1) 
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when j < k, let 



d 


d 




F 






e- 






J( 9 




d d d 






K 2 ^ 2 



(1) 



when j > k, let 



dM 



(1) 



(0) 



9 



d 



(0) 



when j < k, let 



J-5 



(0) 



d d 



d d 



I J- K K J 



U($(oi)(^7Vl(oi)^g_^(oi))^ 



" d 


d 




da 










e- 




H 


:( 



F 



d d 



d d 



dal dNf\ dMf\ dpi 



d 


d 




[84 




e- 



d d d d 



U($(oi)(^Al(oi),SAA(oi))) 



Proposition 4.21. The vector space TgSK{l) with the bracket operation de- 
fined above is the Neveu-Schwarz algebra with central charge zero. The basis is 
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given by 




(4.45) 




(4.46) 




(4.47) 


m 


(4.48) 




(4.49) 





dA 



(0) 



d 



84^ 
ld_ 
2 da 

d 



dM 



(0) 



3-2 



for -j€Z+, 
for j 

, for -je Z+, 

e 

for j e z+. 



Proof. We prove the bracket formula for 

for —j e Z_|_, k e Z+, and —j < k. The proofs for the other cases are similar. To 
simplify notation, we will write, for example, 



d 



(0) 



instead of 



d 



For -j e Z+ and A; e Z+, 
F 

d 



F($(°i)(ylAl("i),6AA("i))) 



dM 



(0) 



d 



F 



d 



d 



«— 2 ~J 



(0) 



+ 



-i-i k-i 



|F($(°i)) 



(4.50) 



,$(0) 



F($(01)) 



,$(0) 



i^($(oi)) 



(0) 



"^2 J 2 



e n 



(0) 



.^^($(01)) 



.F($(oi)) 
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+ 



"^9 Jo 



d d 



f($(01)) 



(1) 



(1) 



J^($(01)) 



2 J 2 



(1) 



e n 



-J- 5 



(1) 

5 



: k—4s n— 



dM 



+ 



■J 2 "^2 



5* 

e n 



(1) 



(0) 



(0) 
n— 

d 



(1)^ 



+ 



5 



_i^($(01)) 



\ 2 

fc-i 



V ( - 



(1) 



i7^($(01)) 



(1) 



9 



-J- 2 



(1) 



^^($(01)) 



+ 



d 



•J 2 2 



5$ 

e n 



(1) 



(1) 



(1) 



: -3-2 
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Using we have 



ON' 



d (^(0) 
Wi — 



0, 

^n.—j 7 



9 d)(") 



(1) 



= 0, 



= 0, 



d \ 2 



= 0, 



d $(1) 



= 0, 



9 ^(1) 



d $(1) 



= 0, 



(1) 



U — A. 



Also, we have 



d d 



E 



J7(cl,(01)) 



-$(0) 



.^($(01)) 



(1) ^m-i 



\ 2 

(1) -^0 



9 d 



e m— 7T n— o 



E 



.$(1) 



9 d 



.^($(01)) 



+ 



^ .$(1) 



(1) 



F($(oi)) 



9 d 



and similarly 



d d 

n— 7T K— ■ 



n— o K— ■ 
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For simplicity we will write = ^n{al^^ ,A^^\M(^\B(°\Af'^^'>), for n e iZ. 

Let 



H 

r(2) 



(1) 



^(/3|,S(i),AA«)(a;,^) 

/ o ^({*_„, i*_„+i }„ez+) o I{x, ^) 

i?(exp(*o)ao ^{exp(2n*o)a(7"*n, 



exp(2(n- -)^'o)ao 



Then from the definition of <^^°^\AM^°'^\ BAf^°'^'>), we have 



(1) 



(1) n^F^l) ^ 



^(/jReSa^a; (-^^(o),_a4(o) 



(2) 



-r!-VtJ-(2) 



«-2/it(2) .^(2) xxO 



w'Res.^x-''-HH'\> o(F^f,, )-^(x,ip))\ 



Thus using 12331, Ennil, EHB, and (|^3S|) . we have 



a $(0) 



= -25, 



= 



d a ^(0) 

'=-5 -3-^ 



(0) 



2 2 (j) 

, aA4<^' , n- 



3 8 \ 2 



a d \ 2 



= 



'=-3 -J- 7 



<5 $(1) 



-25. 



'n.j-\-k 



IT)— 



= 



-5-5 "-i 



a <„(i) 



= 0. 
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Substituting these calculations into l|4.50|l . we have 
F 



F($(oi)) 



-3-2 "^2 



^($(01)) 



f -2^F($("i)) 
-2^^^(ci>(°i)) 



if k < ~j 
if fc = -j 
if fc > 



2/:(j + fc). 
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